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Abstract
Traditional (d, p) reaction models use local optical model potentials to represent the deuteron-
target interaction. Within such models, the deuteron d-state contributes little to differential
cross sections, as local potentials are only sensitive to low n-p relative momenta. However,
recent work by Timofeyuk and Johnson, that includes the inherent nonlocality of the nucleon-
target optical model potentials, suggests this is not true of nonlocal models which include
deuteron breakup. This study showed that nonlocal deuteron-target potentials, found with a
pure s-state deuteron, are influenced by large n-p relative momenta.
The d-state can dominate the deuteron wavefunction at high momenta, suggesting d-state
effects could be significant in nonlocal reaction calculations. This work incorporates the d-
state into deuteron-target potentials, in the presence of nonlocal nucleon-target interactions
and breakup. This is found using energy independent nonlocal nucleon-target optical model
potentials of the Perey-Buck type. Deuteron channel distorted waves can then be found and
used to calculate differential cross sections. The proton channel is constructed in the same
manner.
It is shown that the d-state effects from the central part of the deuteron-target potentials
significantly alter calculated differential cross sections, when compared to nonlocal pure s-state
calculations. The d-state also produces a tensor component of the deuteron-target potential,
but this has negligible effects on cross section calculations. The choice of nucleon-nucleon
potential, used to construct the deuteron wavefunction, is also investigated. It is shown that,
within this works approach, calculated differential cross sections are sensitive to this choice.
This is because the resulting wavefunctions have different high momentum behaviors. This
sensitivity is shown to be enhanced if the final state of the transfered neutron has a large
separation energy.
This work concludes that in nonlocal (d, p) reaction models, which include break-up effects,
the deuteron d-state gives a significant contribution to the deuteron-target potentials. The
inclusion of nucleon-nucleus nonlocality in the deuteron-target potentials has produced sensit-
ivity to the high momentum components of the deuteron wavefunction, where the d-state can
dominate. The high momentum structure of the deuteron wavefunction differs between N-N
models. As such, differential cross sections from this works approach can significantly change
depending on the choice of deuteron wavefunction.
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Chapter 1
Introduction
For over 50 years, direct single-nucleon transfer reactions, such as (d, p), (d, n) or (d,3He), have
been a staple of nuclear experimentation. These nucleon-adding or removal reactions populate,
or make vacant, single-particle like configurations (states) in the final nucleus. Some of the
most common neutron transfers are those involving the deuteron, either stripping or pick-up
reactions. The deuteron, the simplest composite nucleus in nature, has a single proton-neutron
bound state with separation energy 2.2245 MeV. It is the second most common isotope of Hy-
drogen, with 0.0115% [1] of atomic Hydrogen being the deuteron containing isotope deuterium.
Its discovery [2] won Harold Urey the 1934 Nobel prize in Chemistry [3]. The deuteron is also a
deformed nucleus, discovered with the measurement of a nonzero electric quadrupole moment
[4]. This implied a more complex structure for the deuteron than was originally believed: a
superposition of 3S1(ld = 0) and
3D1(ld = 2) states. As direct reactions with the deuteron
can provide an explicit link to nuclear structure information, (d, p) and (p, d) neutron transfer
reactions are an area of study for both theory and experiment [5, 6, 7].
1.1 Role of the deuteron and (d, p) reactions in nuclear
physics
One of the most commonly extracted quantities, related to nuclear structure and structure
models, from transfer reaction experiments are the neutron and proton spectroscopic factors.
1
2 1.1. Role of the deuteron and (d, p) reactions in nuclear physics
Of course neutron transfer reactions (such as (d, p) and (p, d) reactions) can provide knowledge
of the neutron spectroscopic factors. These quantify how ‘single particle’-like a state is and
can be extracted by taking the ratio between experimental and theoretical differential cross
sections. The spectroscopic factors give a direct link to nuclear structure information from
reaction theory and experiment. Most single nucleon transfer reactions are assumed to take
place over the same time frame as a nucleon transiting across the target nucleus. Reactions
that meet this criterion are called direct reactions. Direct reaction theories, used to extract the
spectroscopic factors, assume that few degrees of freedom influence the reaction, which may
not hold if many-body effects are important. Such effects arise, for example, in nuclei far from
closed shells. Here the finite range and repulsive short range nature of the nuclear force can give
rise to correlations between different configurations for the valence nucleons (such as neutrons
transfered via (d, p) reactions) [8]. Therefore, the assumption that only a small number of
degrees of freedom contribute can lead to inconsistencies between theoretical predictions and
experimental results. Recent work [9], studying a range of single-nucleon transfer reactions,
suggests that spectroscopic factors, extracted from experimental data, are quenched by a factor
of 0.55 [9] with respect to values derived from mean field methods. This quenching is thought
to arise due to N-N correlations not included in the description of the target structure used as
an input in reaction theory. Over 80 of the 124 reactions used in the work in reference [9] were
either (d, p) or (p, d) reactions. Results such as this show that it is imperative that nuclear
reaction theory continues to evolve to ensure that information on nuclear structure extracted
from experimental data is accurate.
Nuclear experimentation is often easiest when the reaction being studied is performed in
direct kinematics. In this regime the projectile is the probe and the stationary target is the
nucleus of interest. For the A(d, p)B reaction, deuterons would be incident on target A. A
limiting factor for (d, p) reactions is that in direct kinematics they require a stable target. This
has meant that, in the past, short lived exotic nuclei, produced as radioactive beams, could not
be studied in (d, p) reaction experiments. In recent times this limitation has been removed by
performing the reactions in inverse kinematics using either a deuteron or proton-rich target,
the experimental criteria of which are discussed for example by Winfield et al. [10]. The first
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neutron transfer measurements using radioactive beams in inverse kinematics were performed
to study the halo nucleus 11Be [11]. Here the p(11Be,10Be)d reaction was used to study the
core excitations in the ground state of 11Be by removal of its valence neutron. Analysis of
the angular distributions, which were compared with theoretical models, were used to extract
spectroscopic factors which were compared to theoretical predictions. Since then, many other
reactions have been performed using inverse kinematics, in particular for the study of light
neutron rich nuclei. One region of interest has been the N = 16 region, where a shell gap is
expected to occur due to an increased energy shift between the 1s 1
2
and 0d 3
2
neutron orbitals
[12, 13]. The 20O(d, p)21O [14] and the 24Ne(d, p)25Ne [15] reactions have both been studied
to investigate this region and both showed evidence consistent with a N = 16 shell gap. The
angular distribution measurements from each of these reactions were used to study details of
the states populated. This area is the subject of more recent works [16], which were conducted
in a similar manner. All of these studies have used (d, p) or (p, d) reactions as a probe of nuclear
structure and reaction theories have been used to aid analysis and compare results.
Low energy deuteron induced transfer reactions (incident energies of 5∼15 MeV) are also
of great interest to nuclear astrophysics [17]. It is known that in stellar environments the
deuteron is destroyed faster than it is produced [18]. Therefore, the majority of naturally
occurring deuteron we see in the Universe today were created during Big Bang nucleosynthesis
[19]. While the deuteron may not have a large role in many modern astrophysical processes, it
is still vital for studying nuclear astrophysics. Often reactions of astrophysical interest cannot
be directly studied as the conditions in which they would naturally occur cannot be recreated.
Many of these reactions are direct capture reactions, such as A(p, γ)B or A(n, γ)B, which
generally have very small cross sections at energies of astrophysical interest, and are therefore
difficult to measure directly. Single neutron transfer reactions can be used as an indirect method
to study the residual nuclei B. One reason for this is that the direct capture cross section can be
related to the asymptotic normalisation coefficients (ANCs) for the B → A+n or p system [20].
These ANC’s can be studied by the A(d, p)B transfer reaction under suitable conditions. Even
when the direct capture reaction can be performed terrestrially, transfer reactions are often
favourable as they have higher cross sections than the direct capture reactions. For instance,
4 1.1. Role of the deuteron and (d, p) reactions in nuclear physics
the 14C(n, γ)15C reaction has been shown to be important in inhomogeneous Big Bang models,
and the overall normalisation of its cross-section is determined by the ANC of 15C→14C+n [21].
To determine the ANC value the 14C(d, p)15C reaction was performed [22] and the ANC found
from analysis of its cross-section. Here, reaction theory was used to model the cross section in
question. (d, p) reactions can also be used to populate particular states of astrophysical interest
in the resultant nucleus. For example, the 18Ne(d, p)19Ne reaction was used to indirectly study
the 15O(α, γ)19Ne reaction, which has astrophysical significance as a potential breakout of the
hot CNO cycle [23], by populating a 4.033 MeV excited state in 19Ne. Many similar studies have
been performed, including the 26Al(d, p)27Al reaction, to constrain the 26Al(p, γ)27Si reaction
rate [24]. This is believed to govern the destruction of the cosmic γ-ray emitting nucleus 26Al.
Also, the 18F(d, p)19F reaction was used to study the reaction rate of 18F(p, α)15O [25], which
is responsible for the destruction of 18F in novae. The 511 keV annihilation radiation from the
decay of 18F is a target for astronomical observation.
Single nucleon transfer reactions with the deuteron are highly important for studies of
nuclear structure and nuclear astrophysics. As such, direct single nucleon transfer reaction
theories are of great use and further development of the models are of benefit to the nuclear
physics community.
A note on notation
Throughout this work the following notation will be used:
υ → Many-body projectile target interaction,
U → Local one-body nucleon-target potential,
V → Nonlocal one-body nucleon-target interaction,
U → Deuteron-target potential calculated from nucleon-target interactions,
Vnp → Neutron-proton interaction inside the deuteron.
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1.2 Deuteron-target interactions
The interaction between a deuteron and a target nucleus is a complex many-body problem. Due
to the weakly-bound, diffuse nature of the deuteron, it is more readily described as a proton
and a neutron each interacting separately with the target in relatively close proximity to each
other, rather than a single object. Therefore, a full description of the interaction between an
incident deuteron and a target nucleus will include a contribution from each of the target’s
nucleons interacting with the proton, and neutron, of the deuteron, as well as the interaction
between the constituents of the deuteron. In practice this is not possible to compute exactly,
and the many-body nucleon-target interaction is usually approximated by a two-body model.
Here, the interactions between the incident nucleon and the target nucleons are replaced by a
one-body effective potential, meaning that the motion of the incident nucleon can be described
by a two-body Schro¨dinger equation [26].
In the framework described the deuteron-target interaction becomes a three-body problem,
and is calculated from the effective proton-target and neutron-target potentials [27]. The
one-body effective potential discussed is that of the optical model, so-called as it treats the
many-body interaction between the incident particle and the target in a similar manner to
photons with an optical medium. In optics, the many-body interaction between photons and
the target medium is approximated by the introduction of the refractive index [28]. In nuclei the
incident nucleons can undergo the analogous process to incident photons: reflection, refraction
and absorption [29].
1.2.1 Origins of the optical potential
Feshbach showed that the nucleon-nucleus optical model potential is intrinsically complex,
nonlocal and energy dependent [26, 30]. What follows is a discussion of the Feshbach formalism,
which will lead to an expression for a nucleon-nucleus optical potential which describes elastic
scattering. We begin from the Schro¨dinger equation for a single nucleon (N) impinging on a
many-body target (A) in its ground state, Φ0. So,
(E −H)Ψ = 0, (1.2)
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where E is the total energy, Ψ is the many-body nucleon-target wavefunction and H is the
Hamiltonian of the complete projectile-target system:
H = TN +HA +υNA. (1.3)
TN is the kinetic energy operator for the incident nucleon, HA is the Hamiltonian which describes
the A nucleons inside the target and υNA is the sum of the interactions between the A target
nucleons and the incident nucleon (N). The scattering solutions of interest have the form:
Ψ→ ψ + outgoing spherical waves, (1.4)
where ψ describes the incident boundary condition of a nucleon plane wave incident on the
target in its ground state. The Hamiltonian of the complete system, H, can split such that
H = H0 +υNA, (1.5)
where H0 = TN +HA is the Hamiltonian that describes the incident boundary condition. Thus,
(E −H0)ψ = (E −H0)(eikN ·rNΦ0) = 0, (1.6)
where Φ0 is the target’s ground state wavefunction, and e
ikN ·rN is the plane wave describing the
motion of the incident nucleon. It has been assumed that the ground state energy eigenvalue
is zero. The wavefunction Ψ can be expressed as
Ψ = PΨ +QΨ, (1.7)
where
P = |Φ0〉〈Φ0| and Q =
∑
i 6=0
|Φi〉〈Φi| = 1− |Φ0〉〈Φ0| (1.8)
Here P is a projection operator and PΨ projects on to the target ground state, that gives the
results from the elastic channel. Q projects on all other states in the target, Φi, and thus QΨ
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represents inelastic processes. Equation 1.2 can now be written:
(E −H)(PΨ +QΨ) = 0. (1.9)
If this equation is first multiplied from the left by P and then again from the left by Q, using
the notation HAB ≡ AHB, the result is two coupled equations
(E −HPP )(PΨ) = HPQ(QΨ), (1.10a)
(E −HQQ)(QΨ) = HQP (PΨ), (1.10b)
and, using the Lippman-Schwinger equation [31], equation 1.10b has solutions:
QΨ =
1
(E + iη)−HQQHQP (PΨ). (1.11)
The 1
(E+iη)−HQQ factor is a Greens function which acts as a propagator. If the solution for
QΨ from equation 1.11 is substituted into equation 1.10a, the Schro¨dinger equation describing
elastic nucleon-target scattering is obtained
[
E −HPP −HPQ 1
(E + iη)−HQQHQP
]
PΨ = 0. (1.12)
From this a new Hamiltonian, for the elastic channel wavefunction, PΨ, can be defined:
Hopt = HPP +HPQ
1
(E + iη)−HQQHQP = P (TN + Vopt)P. (1.13)
Using the definitions in equations 1.3 and 1.8, HPP is:
HPP = PHP = |Φ0〉〈Φ0|TN +HA +υNA|Φ0〉〈Φ0| = |Φ0〉 [TN + 〈Φ0|υNA|Φ0〉] 〈Φ0|, (1.14)
now the potential term, Vopt, of Hopt is:
Vopt = 〈Φ0|υNA|Φ0〉+
〈
Φ0
∣∣∣∣υNAQ 1(E + iη)−HQQQυNA
∣∣∣∣Φ0〉 (1.15)
8 1.2. Deuteron-target interactions
This is the optical model potential. This reduces the many-body nucleon-target system to a two-
body problem, solutions of which give the results of elastic scattering. The first term of equation
1.15 is the nucleon-target many-body interaction, υNA, averaged over the target’s ground state,
Φ0. The second term in equation 1.15 is more complicated. This includes contributions from
inelastic processes. The second term is energy dependent (due to the presences of E), is complex
(due to the inclusion of iη) and is nonlocal (as it includes a propagator). The imaginary part of
the optical model potential represents absorption, flux leaving elastic channel to other inelastic
channels.
1.2.2 Local optical model potentials
Optical model potentials are often derived phenomenologically so that they can describe elastic
scattering data. The elastic scattering cross section is determined by the asymptotic structure of
the scattering wavefunctions, which is the same for both local and nonlocal models. Therefore,
to simplify calculations the nonlocal optical model potentials are often replaced with local
potentials with some additional energy dependence. The local nucleon-target potentials are
still complex and contain volume, surface and spin orbit terms. Often Woods-Saxon potentials
[32] are used for the volume term and their derivatives for the surface terms. It is also common
for the Thomas form [29] to be used for the spin-orbit terms, but this will not be discussed
here. Typical examples for the volume UV and surface terms US can be seen in equations 1.16b
and 1.16c.
UNA = UV + iUS, (1.16a)
UV (x) =
V
1 + exp (x−RV )
aV
, (1.16b)
US(x) =
4W exp (x−RS)
aS[
1 + exp (x−RS)
aS
]2 . (1.16c)
Here Rγ = rγA
1
3 with γ = V or S and the depth (V,W ), radius (rV , rS) and diffuseness (av, aS)
parameters are adjusted to fit elastic scattering data. These are often energy dependent and
will differ for protons and neutrons. Many different sets of these local parameters are available
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for both protons and neutrons for different target masses and projectile energies [33, 34, 35, 36].
1.2.3 Nonlocal optical model potentials
As was shown, in general the optical model potentials are nonlocal (see equation 1.15). Non-
localities in the nucleon-nucleus optical model potentials have two sources [26, 37]. Firstly,
the influence of the Pauli exclusion principle on the interaction between the incident nucleon
and all of the target nucleons. This can be accounted for via the antisymmetrization of the
wavefunction. The second arises due to coupling of the elastic channel to inelastic channels not
explicitly included in the calculation [38]. In general these nonlocal potentials are of the form:
〈r|VNA|ψ〉 =
∫
dr′VNA(r, r′)ψ(r′), (1.17)
where VNA is the nonlocal nucleon-target potential and ψ is the scattering wavefunction. Here
the potentials are dependent on the nucleon’s position coordinate r and the nonlocal coordinate
r′.
Methods of including such effects into nuclear calculations have been of interest for some
time. One of the most successful and widely used approaches is that of Perey and Buck [39].
They investigated if the energy dependence of local phenomenological optical model potentials
could be entirely accounted for by the inclusion of nonlocality. This was done by taking an
energy independent model and introducing a short range normalized Gaussian, H, nonlocality
factor, as
VNA(r, r
′) = H(|r− r′|)UNA
(
1
2
|r + r′|
)
, (1.18a)
H(|r− r′|) = 1
pi
3
2β3N
exp
[
−
(
r− r′
βN
)2]
. (1.18b)
Here βN is the nucleon nonlocality range, typically ≈ 1 fm. In expression 1.18a the parameters
of UNA, which often takes the form of a Woods-Saxon (see equation 1.16a), are parameterized
to be energy independent. These parameters are found by fitting nonlocal potentials, of the
Perey-Buck type, to nucleon scattering data. Much like the local case, many different energy
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independent nonlocal potential form factors have been parameterized for a range of target
masses [38, 39, 40]. The exact form of the nonlocality caused by channel coupling is not
known and the Perey-Buck form of the nonlocal potential may not be correct [41] for single-
particle potentials. Some properties of this class of nonlocality are known and based on their
effects the Perey-Buck form is not entirely justified [42]. But, assuming that the nonlocalities
are short range (small βN), it should give results indicative of such nonlocalities [43]. The
nonlocality used by Perey and Buck showed that elastic neutron scattering data over a range
of energies could be very well described with this model, which suggests that the remaining
energy dependence of the optical model is much weaker when nonlocality is included. The
weaker energy dependence of the nonlocal optical potentials was also found in recent work using
a coupled channels approach [44]. It has also been suggested that the Perey-Buck nonlocality
may be lessened when relativistic effects are important [45]. Perey and Buck also showed that
a local equivalent potential, ULEP , (a local potential that quantitatively reproduces the effects
of a nonlocal potential on calculated observables) could be found from the form factor, UNA
via a simple relation:
ULEP (r) = UNA(r) exp
[
−µβ
2
N
2~2
(E − ULEP (r))
]
. (1.19)
Here µ is the reduced mass of the projectile-target system and E is the projectile incident lab
energy.
Further work using the Perey-Buck nonlocality showed that scattering wavefunctions calcu-
lated with the nonlocal potential were suppressed in the nuclear interior region [46, 47]. This
is called the Perey effect. To include this effect into local potential scattering calculations a
factor, which when applied to the wavefunctions (χLEP ) would give the same results as the
Perey-Buck nonlocality, was developed from the local equivalent potential ULEP . Called the
Perey factor, f(R), has the form:
f(R) = exp
[
µβ2N
4~2
ULEP (R)
]
, (1.20a)
χNL(R) = f(R)χLEP (R), (1.20b)
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where f → 1 as R → ∞. This has become a standard way of accounting for nonlocality in
nucleon-nucleus calculations and has proved effective when compared to exact nonlocal calcu-
lations [48]. This damping effect has been reproduced by different approaches: via a coupled
channel model [49] and in recent work by the addition of a velocity dependent term in the op-
tical model potentials [50]. This simulated a source of nonlocality, as wavefunctions calculated
with the inclusion of the velocity dependent term showed results consistent with the Perey
effect.
1.3 Distorted waves (d, p) reaction theory
As has been discussed, deuteron stripping and pick-up reactions are useful tools for investigating
nuclear structure and reaction theories are used to help analyse measurements. This work aims
to quantify the effects of including the deuteron d-state when the intrinsic nucleon-nucleus
nonlocality of the optical model is also present. In order to discuss this in detail the formalism
of transfer reaction theory will need to be introduced. This will also allow current reaction
theories to be discussed and contrasted. The initial discussion of the formalism will assume
that the nucleon-nucleus interaction is local, in accordance with most current reaction models.
Early work on nucleon ‘pick up’ ((n, d) and (p, d)) reactions was analyzed using plane waves
to represent the incident and scattered waves. It was found that, while the plane wave theory
could describe some cross section data, it was inadequate to describe larger angle scattering
[51]. Shortly after this, a more robust framework was developed by Butler [52], motivated to
explain the behavior of the angular distribution of (d, n) and (d, p) reactions at small angles.
Butlers approach involved fitting together functions for the transfered particle’s motion inside
and outside the target at the nuclear radius by matching boundary conditions. When the Cou-
lomb interaction and the interactions with the resultant nucleus are included Butlers treatment
involves integrals that can be difficult to solve [53]. As such a simpler approach was sought.
It was demonstrated by Daitch and French that the approximations made by Butler were
equivalent to that of the Born approximation [54]. In the context of nuclear reactions the Born
approximation assumes that elastic scattering is the most important event when two nuclei
collide. Effects arising from inelastic reaction channels can be treated as perturbations. In
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general this assumption is valid when the potential energy between the projectile and target is
a small fraction of the projectile kinetic energy [55, 56]. This assumption has been shown to be
valid for deuteron stripping reaction [57]. The Born approximation approach has been shown
to give the same results as the Butler method [53], this was also demonstrated by a Greens
function method [58].
Theories beyond plane wave approaches make use of distorted waves, plane waves which
have been distorted by the use of nuclear and Coulomb potentials. Such potentials are referred
to as distorting potentials. Approximating a projectile’s motion by distorted waves, which
describe elastic scattering, is called the distorted wave Born approximation, or DWBA.
1.3.1 Transition amplitude
When performing reaction calculations the quantity most often compared to experimental data
is the differential cross section. This is defined as an area per unit solid angle and is determined
by the ratio of the net outgoing flux of reaction products to the incident flux. The differential
cross section can be thought of as a measure of the probability of a given reaction happening,
producing products in solid angle dΩ at a given scattering angle, θ. In general, for the reaction
A(a, b)B from entrance channel I to exit channel F the differential cross section can be written
[43]:
dσ
dΩ
=
µIµF
4pi2~4
kF
kI
|TIF |2. (1.21)
Here µI(µF ) is the reduced mass for the entrance (exit) channel and kI(kF ) are the corres-
ponding center of mass momenta. TIF , the transition amplitude, is a matrix element which
connects the entrance and exit channels and defines the amplitude of the outgoing waves. It is
the calculation of this quantity that is of most interest to this project.
This investigation concerns reactions involving the deuteron, so for the remainder of this
chapter the formalism will be given for the A(d, p)A+1 reaction, where A is the mass number of
the target nucleus. Figure 1.1 shows the coordinate system for the d+A→ p+ (A+ 1) system.
Before the transition amplitude can be defined the functions which describe the entrance and
exit channels must first be introduced. The exact many-body wavefunction that describes the
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Figure 1.1: (d, p) reaction coordinates. Here A represents the target nucleus and A + 1 the
product of the reaction. r is the proton-neutron separation inside the deuteron, R is the
deuteron-target separation, rn is the neutron-target separation, rp is the proton-target separa-
tion and Rp is the center of mass separation between the proton and the A+ 1 system.
deuteron-target interaction of the entrance channel, Ψ
(+)
dA , is a solution to
1:
HdΨ
(+)
dA = EdAΨ
(+)
dA , (1.22)
where EdA is the total energy in the deuteron channel and
Hd = HA +Hnp + Td +υnA +υpA. (1.23)
The υNA denote the many-body proton(p) or neutron(n)-target(A) interactions. The Hamilto-
nians HA, Hnp describe the target and n-p systems respectively. Td is the kinetic energy operator
for the incident deuteron. Similarly, the exit channel can be described by a wavefunction found
1It should be noted that throughout this work wavefunctions with the superscript (−) have incoming wave
boundary conditions and those with (+) have outgoing wave boundary conditions. These are time-reversed,
such that for an arbitrary wavefunction, χ dependent on arbitrary position and momentum coordinates r and
k,
χ
(−)
k (r) = χ
(+)∗
−k (r).
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by solving:
Hpψ
(−)
p = EpAψ
(−)
p . (1.24)
Here EpA is the total energy in the proton channel, and
Hp = H(A+1) + TRp + Vnp +υpA. (1.25)
H(A+1) is the Hamiltonian for the resultant A+1 nucleus and TRp is the kinetic energy operator
for the proton. Vnp is the short-range neutron-proton interaction and υpA is the many-body
proton-target interaction.
In this case the transition amplitude can be written in the post form [43] (n.b. this is
referred to as the post form as it is based on the interactions in the exit channel):
Tdp = 〈ψ(−)p |Vnp +υpA|Ψ(+)dA 〉. (1.26)
Making use of the Gell-Mann−Goldberger transformation [59] equation 1.26 can be rewritten:
Tdp = 〈χ(−)p,kpΦA+1|Vnp + (υpA − Up(A+1))|Ψ
(+)
dA 〉. (1.27)
Here Up(A+1) is a one-body interaction, approximating an arbitrary proton-core interaction.
(υpA−Up(A+1)) is often called the remnant term. The use of a one-body interaction has allowed
the final state wavefunction to be factorised. ΦA+1 is the target wavefunction after the reaction,
which depends on the target’s internal coordinates {ξ} and that of the transferred neutron, rn.
The proton distorted wavefunction χ(−)p,kp represents the proton’s motion relative to the resultant
nucleus with energy Ep and is found as a solution to the Schro¨dinger-like equation
(TRp + Up(A+1)(Rp)− Ep)χ
(+)
p,kp
(Rp) = 0. (1.28)
The kinetic energy operator TRp acts on the p − (A + 1) center of mass coordinate Rp. The
proton’s one-body interaction with the resultant nucleus, Up(A+1)(Rp) also acts over this co-
ordinate. Up(A+1) will be taken as an optical potential which will have the form of equation
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1.16a for local calculations and equation 1.18a for nonlocal calculations. In accordance with
the Born approximation χ(−)p,kp will describe the motion of an elastically scattered proton. It is
common to assume that the final proton state generates weak coupling to any excited states in
the resultant nucleus, meaning that the remnant term is assumed small as Up(A+1) will largely
cancel with υpA in equation 1.27. This leaves just the first term in equation 1.27, which contains
Vnp.
A similar assumption can be made in the entrance (deuteron) channel. The discussion
here is more complicated as the deuteron is a composite object, but if it is assumed that the
target remains in its initial state during the reaction then the many-body entrance channel
wavefunction may be approximated:
Ψ
(+)
dA = ψ
(+)
d,kd
(r,R)ΦA({ξ}). (1.29)
ΦA is the target wavefunction before the reaction and, as such, it only depends on the internal
coordinates {ξ}. The deuteron channel wavefunction ψd has boundary conditions such that it
behaves asymptotically as
ψ
(+)
d,kd
(r,R) = eikd·Rφ0(r) + outgoing waves. (1.30)
Here φ0 is the deuteron bound state wavefunction, the solution to the two-body Schro¨dinger
equation for a nucleon-nucleon potential. Its form and properties will be discussed in detail in
a forthcoming chapter. ψ
(+)
d,kd
is defined as a solution to a Schro¨dinger-like equation:
(TR +Hnp + UpA(rp) + UnA(rn)− E)ψ(+)d,kd(r,R) = 0. (1.31)
The kinetic energy operator, TR acts over the deuteron-target separation, R, and the one-body
nucleon-target interactions UpA, UnA act over the proton and neutron relative coordinates, rp
and rn. Hnp is the Hamiltonian of the n-p system internal to the deuteron. Equation 1.31
describes a three-body system and, as such, will require a more detailed treatment. This will
be discussed in a forthcoming section. With these assumptions the transition amplitude for a
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(d, p) reaction can be written:
Tdp = 〈χ(−)p,kpΦA+1|Vnp|ψ
(+)
d,kd
ΦA〉. (1.32)
Target overlap
In equation 1.32 the wavefunctions of the target and the resultant nucleus ΦA,ΦA+1 are depend-
ent on their total angular momentum (JI and JF respectively) as well as the internal coordinates
{ξ}. As the transition amplitude is calculated independently of these coordinates, the target
nucleons behave as spectators of the reaction, and the overlap of the initial and final states of
the target nucleus can be treated independently. The orthogonality of the single particle wave-
functions, which are used to construct the many-body target wavefunctions ΦA,ΦA+1 (which
are often represented by Slater determinants) [60], gives the result of the overlap to be the
wavefunction of the transferred neutron φmnn .
〈ΦMFA+1|ΦMIA ) =
√
S
N + 1
∑
jnmn
(JIMIjnmn|JFMF )φm∗nn (rn), (1.33)
The initial and final angular momenta are coupled to the momenta of the transferred neutron
via a Clebsch-Gordan coefficient (JIMIjnmn|JFMF ). If either JI or JF are zero jn will have
one unique value. In the normalization factor, N is the neutron number of the target and
S is the spectroscopic factor discussed earlier in this chapter. The N factor will cancel with
a similar factor arising in the transition amplitude, this accounts for the contribution to T
of all of the targets identical neutrons. As this is a constant it can be removed from the
transition amplitude. Most theoretical calculations treat S = 1 and its value is then discerned
by comparison with experimental data by
S = (
dσ/dΩ)exp
(dσ/dΩ)th
, (1.34)
the ratio between the experimental cross section,
(
dσ
dΩ
)
exp
, and the theoretical result,
(
dσ
dΩ
)
th
.
The differential cross sections presented throughout this work will also take S = 1. Now, the
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(d, p) transition amplitude can be written:
Tdp = 〈χ(−)p,kpφn|Vnp|ψ
(+)
d,kd
〉. (1.35)
In order to calculate this amplitude a form for ψd,kd(r,R) is required. There is no exact
analytic form of these three-body functions. As such, theories have been developed to compute
approximations of these functions. These will now be discussed.
1.3.2 DWBA deuteron channel
Taking the Born approximation (that elastic scattering is the leading order contribution to
the projectile wavefunction) the deuteron channel wavefunction ψd is replaced by wavefunction
which describes deuteron elastic scattering. This neglects the three-body effects in the deuteron
channel. In this limit the deuteron channel wavefunction, ψ
(+)
d,kd
, will be approximated:
ψ
(+)
d,kd
(r,R) = χ(+)d,kd(R)φ0(r), (1.36)
with χd,kd(R) the deuteron channel distorted wave, found by solving an approximation of
equation 1.31
(TR + UWdA(R)− Ed)χ
(+)
d,kd
(R) = 0,
Ed = E + d.
(1.37)
No three-body effects are included, Hnp → d as the deuteron is assumed to remain in its
ground state. The deuteron channel distorting potential, UWdA, is calculated from a folding
model containing contributions from both the proton and neutron optical potentials and takes
the form given by Watanabe. The Watanabe model [61] is a potential designed to reproduce
deuteron elastic scattering, in the limit where deuteron break up contributions to the elastic
channel can be ignored. It has the form:
UWdA(R) = 〈φ0|UnA + UpA|φ0〉. (1.38)
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The Watanabe model is the no-breakup limit. The local distorting potential UWdA depends only
on the relative coordinate between the projectile and the target’s center of mass, R. As this
can produce no excitation of the target, the potentials describe elastic scattering [60]. Once the
overlap is known (see equation 1.33) the transition amplitude within DWBA can be written:
TDWBAdp = 〈χ
(−)
p,kp
φn|Vnp|φ0χ(+)d,kd〉. (1.39)
Zero range approximation
A common approximation introduced in DWBA is to assume that the short ranged function
Vnp, in equation 1.39, is zero range. This simplifies the calculation as the combination of the
now zero range Vnp and the deuteron wavefunction, φ0, will result in a constant when integrating
over r:
Vnpφ0(r) = D0δ(r) (1.40)
The details of this constant and how it can vary with the choice of nucleon-nucleon potential
used to calculate the deuteron bound state wavefunction will be given in Chapter 2. Theories
which make use of this approximation are referred to as zero range, those that do not as finite
range. It has been shown that calculations that use the zero range approximation underestimate
polarization observables, such as analyzing powers [62].
1.3.3 Adiabatic distorted wave approximation (ADWA)
The DWBA has provided a fairly successful description of experimental cross section data,
but was known to have difficulty as the incident deuteron energy approaches 20 MeV [63]. It
was suggested that this inconsistency was caused by the neglect of three-body effects in the
deuteron channel. The deuteron is weakly bound (low separation energy), and as such, the
deuteron channel should be described as a n + p + A system (as in equation 1.31) and not a
two-body system (as in equation 1.37). By construction, the DWBA does not include these
effects, as the potentials used describe elastic scattering where internal structure of the deuteron
is not affected by the interaction. Exact solutions to equation 1.31 are difficult to calculate so
approximations were developed which could include the leading order three-body effects, but
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as an extension to the DWBA method.
This was done by including the deuteron break-up as well as elastic scattering in the deuteron
channel via an adiabatic approximation [64]. So, starting from equation 1.31:
(TR +Hnp + UpA(rp) + UnA(rn)− E)ψ(+)d,kd(r,R) = 0. (1.41)
For the calculation of transition amplitude, Tdp (equation 1.35), the three-body wavefunction,
ψ
(+)
d,kd
(r,R), is only required for r within the range of Vnp, the neutron-proton interaction which
binds the deuteron. It has been mentioned previously in this chapter that Vnp is short range,
therefore solutions for ψ
(+)
d,kd
are only required in the region where r → 0. Expanding on previous
work [64], Johnson and Tandy developed an effective two-body method [65] for calculating the
projected wavefunction Vnp|ψ(+)d,kd〉, the three-body wavefunction within the range of Vnp. It is
this quantity which appears in the transition amplitude (see equation 1.35).
The adiabatic approximation makes the assumption that the interaction of the projectile
and target takes place over a small time frame[43]. Using this approximation the Hamiltonian
which describes the n-p system, Hnp can be used to define:
Hnpφ0(r) =(Tr + Vnp)φ0(r) = dφ0(r), (1.42a)
Hnpφk(r) =kφk(r). (1.42b)
Here the eigenvalue, d, is the deuteron binding energy and k = k
2~2/2µd, with k being some
incident deuteron momentum and µd the reduced mass of the n-p system. Expanded in this
complete set of states the deuteron channel wavefunction has the form
ψ
(+)
d,kd
(r,R) = φ0(r)χ
(+)
d,kd
(R) +
∫
dkφk(r)χ
(+)
kd
(R). (1.43)
The first term has the same form for ψ
(+)
d,kd
as used in DWBA (see equation 1.36), this represents
deuteron elastic scattering. The second term in equation 1.43 corresponds to the presence of
unbound n-p pairs, describing the presence of break-up effects. From equation 1.43 it is simple
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to see that the projected wavefunction Vnp|ψ(+)d,kd〉 takes the form:
Vnpψ
(+)
d,kd
(r,R) = Vnpφ0(r)χ
(+)
d,kd
(R) +
∫
dkVnpφk(r)χ
(+)
kd
(R). (1.44)
If it is assumed that the dominant break-up contributions arise from low relative n-p energies,
then making use of effective range theory [66, 67], the projected wavefunction can be written:
Vnpψ
(+)
d,kd
(r,R) = Vnpφ0(r)χ(+)kd (R) (1.45)
Here χ(+)kd contains contributions from both χ
(+)
d,kd
and χ(+)kd and, as such, does not describe the
motion of an elastically scattered deuteron. How to calculate χ(+)kd now needs to be discussed.
The approach of Johnson and Tandy is to expand ψ
(+)
d,kd
into a discrete set of n-p states, so
that contributions from bound and unbound n-p configurations can be included in calculations.
For use in the (d, p) transition amplitude, Tdp, the deuteron channel wavefunction, ψ
(+)
d,kd
and
therefore this discrete set are only required within the domain of Vnp. As such, a complete set
of Weinberg [68] eigenstates can be defined:
(Tr + αiVnp + d)φi(r) = 0 where i = 0, 1, 2, ... (1.46)
The Weinberg states are normalized such that
〈φi|Vnp|φj〉 = −δij. (1.47)
The first Weinberg state (i = 0) is proportional to the deuteron bound state wavefunction:
i = 0, α0 = 1 and φ0 ∝ φ0. Using the Weinberg expansion the 3-body wavefunction ψd,kd is
written [65]:
ψ
(+)
d,kd
(r,R) =
∑
i
χ(+)i,kd(R)φi(r), (1.48)
where, due to the Weinberg states orthonormality
χ(+)i,kd(R) = −〈φi|Vnp|ψ
(+)
d,kd
〉. (1.49)
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As the Tdp based on this Weinberg expansion converges rapidly [65, 69] the first term will
have the largest contribution and provides a good description of the system. Taking this limit
the wavefunctions χ(+)0,kd will tend towards χ
(+)
kd
when the result of equation 1.49 is applied to
equation 1.44. From this a new distorted wavefunction can be defined, one which contains
contributions from unbound n-p configurations2
χ(+)0,kd = χ
adi(+)
d,kd
(R) = −〈φ0|Vnp|φ0〉χ
(+)
d,kd
(R)−
∫
dk〈φ0|Vnp|φk〉χ
(+)
kd
(R), (1.50)
which is found as a solution to
(TR + UadidA (R)− Ed)χ
adi(+)
d,kd
(R) = 0,
Ed = E + d.
(1.51)
This has a very similar form to the DWBA deuteron channel wavefunction seen in equation 1.37.
χadi(+)d,kd is the deuteron channel adiabatic distorted wave and UadidA is the adiabatic deuteron-
target potential which has the form:
UadidA (R) =〈φ1|UnA + UpA|φ0〉
=
〈φ0|Vnp[UnA + UpA]|φ0〉
〈φ0|Vnp|φ0〉 ,
(1.52)
where
φ1(r) =
Vnpφ0(r)
〈φ0|Vnp|φ0〉 . (1.53)
This potential does not describe deuteron elastic scattering and is not designed to. The de-
nominator in equation 1.52 is a normalisation factor and this potential contains the function
φ1. Both of these factors contain the deuteron vertex function Vnpφ0, this is the source of the
break-up components in this potential. Its form and influence in stripping calculations will
be discussed in a coming chapter. Using the results presented in this section the transition
2When the expression in 1.50 in used in equation 1.48 the normalization factors (equation 1.47) will cancel.
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amplitude for ADWA can be defined:
TADWAdp = 〈χ
(−)
p,kp
φn|Vnp|φ0χadi(+)d,kd 〉. (1.54)
By comparison to equation 1.39 it is clear that this amplitude has the same form as that of the
DWBA method. Only the deuteron channel distorted wave has changed. This similarity has
meant that ADWA has become a widely used reaction theory, as existing methods of calculating
DWBA transition amplitudes require little modification to make use of ADWA. It is also worth
noting that the zero range approximation, discussed earlier, can also be made to TADWAdp .
Including the break-up channel in such a manner systematically improved the description
of experimental data [70, 71, 72]. This shows that break-up makes a significant contribution to
calculated observables and should be included in (d, p) reaction models.
1.3.4 Nucleon-nucleus nonlocality in (p, d) and (d, p) reactions
The effects of including the nonlocality of the optical model potentials in reaction calculations
has been studied. It is known how to include a Perey-Buck type nonlocality in reaction channel
which only contains a single nucleon as a projectile, it is here where the Perey effect occurs and
Perey factors can be used. Recent work implemented nonlocality in the proton channel (via a
nonlocal distorting potential) and in the neutron bound states used in (p, d) DWBA reaction
calculations [73]. It was shown that differential cross sections were increased ≈ 30-50% by the
inclusion of nonlocality, the increase was seen to most arise due to the bound state nonlocality.
The nonlocality in the proton scattering states were shown to slightly reduce the magnitude of
the differential cross sections. The overall increase in the cross section was interpreted as being
caused by the reduction of the scattering wavefunction in the nuclear interior (Perey effect)
and the neutron bound state wavefunction being shifted towards the nuclear periphery. In this
case the nonlocality in the deuteron channel was ignored.
How the nonlocality of the nucleon-nucleus optical model potentials manifests itself in the
deuteron-target optical model potentials is a more complex question. Early work [74], which
did not account for deuteron break-up or include a d-state component, suggested that the
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nonlocal deuteron-target potentials have a nonlocality range, βd, of approximately half that of
nucleon-target potentials, βN . This in turn implied that the local energy-dependent equivalent
potentials could be found by evaluating the nucleon-target potentials at half the incident deu-
teron kinetic energy, E/2. Recently, the nonlocality of the deuteron channel has been explored
further, now including deuteron break-up (but still no d-state). Timofeyuk and Johnson [75, 76]
found that including Perey-Buck nonlocalities in the deuteron-target potential within ADWA
theory increased (d, p) differential cross sections. They also found a transcendental equation
for calculating the local equivalent adiabatic potential, ULEPdA , similar to the equation found by
Perey and Buck (equation 1.19) for nucleon local equivalent potentials.
ULEPdA (R) = M0UdA(R) exp
[
−µd
(
A+2
A+1
)2
β2d
2~2
(
E − ULEPdA (R)− Uc(R)
)]
. (1.55)
UdA(R) is a local deuteron-target potential, calculated from Woods-Saxon nucleon-target form
factors using a nonlocal parameter set. Uc is the Coulomb potential, µd is the reduced mass
of the proton-neutron system and M0 is a renormalization factor which is calculated from the
deuteron wavefunction and the Gaussian of equation 1.18b. The calculations using this relation
found that, to reproduce the effects of the nonlocality, the nucleon-target potentials need to
evaluated at an energy shifted by ≈ 40 MeV away from the E/2 value previously used. This large
energy shift was interpreted as the influence of large relative n-p momenta inside the deuteron.
These effects were quantitatively confirmed by other authors [77] using a similar formalism.
Differential cross sections, calculated from nonlocal optical model potentials within the Feddeev
formalism, have shown also significant departure to what is seen with local calculations [78, 79].
1.4 Deuteron d-state effects
In all of the results discussed in this chapter, the deuteron d-state component has been ignored.
Its inclusion in calculations of the deuteron-target optical model potentials produces tensor
terms [27, 80], which can be difficult to include in reaction calculations. It was therefore often
ignored for simplicity in the early days of reaction theories. Since then its effects within local
models has been evaluated by a number of authors [81, 82, 83]. These studies have shown that
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the d-state has most impact on polarisation effects and on tensor analyzing powers [84], but has
negligible effects on the differential cross sections [82]. Its effects are more important in finite
range models, but they are still small [83]. The d-state’s role in nonlocal reaction theories has
not been evaluated, but with the result from Timofeyuk and Johnson, that high momentum
components of the deuteron wavefunction can have an influence on nonlocal potentials, it is now
appropriate to do so. This is because the d-state term can dominate the deuteron wavefunction
at high momentum, k, this is shown in figure 1.2. This could mean that the d-state has a large
effect on calculated observables within nonlocal adiabatic reaction theory.
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Figure 1.2: Deuteron s and d-state wavefunctions in k-space (multiplied by k) derived from
the Argonne υ18 nucleon-nucleon potential [85]. It can be seen that at momenta greater than
≈ 1.5 fm−1 the d-state (blue) dominates the s-state (red).
Recently, experiments have been proposed to perform (p, d) reactions with a polarised target
in inverse kinematics with a radioactive beam [86]. The hope is to measure spin asymmetry
and extract single-particle information. As stated, the d-state is expected to have a large effect
on the polarisation data and, in a nonlocal model, these effects could be enhanced. With such
experiments on the horizon, and the knowledge that the d-state needs to be included within
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a nonlocal framework, it is of interest to now produce a model for nonlocal adiabatic (d, p)
reactions which includes the d-state so that its effects can be studied and quantified.
1.5 Thesis Outline
This thesis will outline the model for performing exact calculations of deuteron stripping and
pick-up reactions within ADWA including energy independent nucleon-nucleus nonlocality and
the d-state contribution. The results presented will be for low incident energy (/ 20 MeV)
reactions, as this is an energy range of astrophysical and spectroscopic interest. Chapter 2 will
detail the features of nucleon-nucleon potentials currently available in the literature and the
properties of the resulting deuteron wavefunctions. In Chapter 3 these will be used to calculate
deuteron-target potentials in local reaction models to study how the different properties of the
wavefunctions are manifest. Chapter 4 will show the derivation of the adiabatic deuteron-target
potential, with nucleon-nucleus nonlocality and the d-state included. That chapter will also
show the derivation of an nonlocal potential for the proton channel. The closing chapters will
contain the results of using such potentials in reaction models, comparing them to previous work
and quantifying the effect of including the d-state. Finally conclusions of this investigation will
be complied and an outlook to future work given.
Chapter 2
Properties of the deuteron
wavefunction for stripping reactions
The deuteron wavefunction is a solution to the Schro¨dinger equation, using a nucleon-nucleon
(N-N) potential, which has total angular momentum Jd equal to its spin sd = 1 [87]. Due to
the tensor components [88] of the nucleon-nucleon potential, the N-N relative orbital angular
momentum (ld) is not, in general, a good quantum number. Therefore, the resultant Jd = sd = 1
wavefunction cannot exist with only a single value for ld. The only values that orbital angular
momentum ld can take are 0 or 2, due to good parity. As such, the resulting wavefunction is a
superposition of 3S1(ld = 0) and
3D1(ld = 2) states. This is the explanation of the deuteron’s
non-zero quadrupole moment [4]. The deuteron wavefunction, φMd0 (r), has the general form:
φMd0 (r) =
∑
ldλdσd
(ldλdsdσd|JdMd)uld(r)
r
Yλdld (rˆ)χsdσd . (2.1)
Here Md, λd and σd are the projections of Jd, ld and sd respectively. ld, sd are coupled to Jd
via a Clebsch-Gordan coefficient, (ldλdsdσd|JdMd). The sum over ld contains only the ld = 0
and 2 terms. The angular components, being represented by spherical harmonics,Yλdld (rˆ), have
known forms but the radial components, uld(r), are found by solving a set of coupled radial
differential equations. The forms of the radial components will differ between N-N potentials.
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2.1 Deuteron wavefunctions for different N-N models
The different deuteron radial wavefunctions uld(r), found from the N-N potentials discussed
in this chapter, are plotted in figure 2.1. What follows is a description of the origins and
formulation of the N-N models used.
2.1.1 Hulthe´n
The Hulthe´n model is one of the oldest N-N potentials available and was originally derived
in the 1950’s. The Hulthe´n phenomenological N-N potential, shown in equation 2.2, contains
adjustable depth (V0) and range (r0) parameters, much like the Yukawa potential [89]. The
Schro¨dinger equation is analytically solvable for the Hulthe´n potential, it is not for the Yukawa.
This meant the Hulthen potential was often used as an alternative for the Yukawa at the time,
as it has similar behavior close to the origin [90].
VH(r) =
V0 exp [− rr0 ]
1− exp [− r
r0
]
(2.2)
The phenomenological deuteron wavefunction calculated from the Hulthe´n potential is still used
in many reaction calculations today. This potential has no tensor components, as such is only
capable of producing the s-state radial components, u0(r). The radial component u0 has the
advantage of having an analytic form, which can be computed easily.
u0(r) = N(e
−αr − e−κr), (2.3)
where N is a normalisation constant. As the deuteron is known to have a d-state component
a phenomenological d-state wavefunction was produced. This has no basis on the N-N tensor
force but does have an analytic radial component, u2(r), similar to the s-state
u2(r) = Nηe
−αr(1− e−γr)
(
1 +
3(1− e−γr)
αr
+
3(1− e−γr)2
(αr)2
)
, (2.4)
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Table 2.1: Numeric factors for the Hulthe´n wavefunction. Here, the ps denotes the pure s-state
value
Factor value
Nps 0.8818672 fm
1
2
N 0.8474405 fm
1
2
η 0.026
d −2.22452 MeV
α 0.2314549 fm−1
% d-state 3.90%
η is the d-state to s-state asymptotic ratio. The decay constants in the exponential factors are:
α =
√
2µd|d|
~2
, κ ≈ 6α, γ ≈ 4α, (2.5)
where d is the deuteron binding energy and µd is the reduced mass of the N-N system. α will
give the correct asymptotic behavior and κ, γ can be adjusted to give the wavefunctions the
correct behavior as r → 0. In this work κ = 6α and γ = 4α. The numeric factors used for the
Hulthe´n wavefunction can be found in table 2.1.
A useful property of these analytic terms is that the s-state can be normalized separately,
allowing a pure s-state deuteron to be studied. This is not the only N-N interaction available
which can produce a pure s-state deuteron. The AV4′ N-N potential [91] has no tensor terms
and, as such, produces a deuteron with a zero quadrupole moment. AV4′ will not be used in
this investigation as the Hulthe´n wavefunction is very commonly used in reaction calculations.
Others [92, 93] have attempted to produce analytic forms for the deuteron wavefunction, but
these will not be used in this work.
2.1.2 Gaussian
This deuteron wavefunction is found by solving the 2-body Schro¨dinger equation for a Gaussian
potential which reproduces the binding energy and radius of the deuteron. This model for the
deuteron is occasionally used in literature [77, 94]. As the Gaussian potential does not contain
a tensor component it does not produce a d-state term. The potential has the form:
VG(R) = V0 exp
[
−r
2
r20
]
. (2.6)
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2.1.3 Reid Soft Core
This wavefunction, calculated by Reid [95], is derived from N-N potentials which are found
by fitting soft-core potentials to low energy scattering data. These potentials contain cent-
ral, tensor and spin-orbit terms. The ‘core’ refers to the potentials repulsive nature at short
distances (≈ 0.5fm), it is described as ‘soft’ as the wavefunction tends towards zero in this
region (rather than going to zero at the cores boundary i.e. a hard core). The soft core, which
Hulthe´n does not contain, provides a more physically accurate description of the deuteron’s
short range (high momentum) behavior. The s- and d-states are coupled, so it could not be
used to describe a pure s-state deuteron as Hulthe´n can. It’s d-state makes up 6.46% of the
wavefunction.
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Figure 2.1: Deuteron s and d-state wavefunctions in configuration space for the N-N potentials
discussed in this chapter. The potentials which do not contain a core at short distances (Gaus-
sian and Hulthe´n) show differing low r behavior when compared to the other functions. The
N4LO functions tend to have larger s-states and smaller d-states when compared to CD-Bonn
and AV18.
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2.1.4 CD-Bonn
The CD-Bonn N-N potential [96] is a charge dependent variant of the Bonn one boson exchange
potential [97]. This model includes contributions from the exchange pi, ρ and ω mesons between
nucleons. The Bonn potential was developed at the University of Bonn throughout the 1980s.
The CD-Bonn potential is fitted to the empirical value for the deuteron binding energy via
relativistic dynamics. It has a d-state probability of 4.85%.
2.1.5 AV18
The AV18 deuteron wavefunction [98] is calculated from the Argonne υ18 nucleon-nucleon po-
tential. The potential is computed from an 18 operator formalism: 14 charge independent
operators from an updated version of the Argonne υ14 potential [99], 3 charge dependent and 1
charge asymmetric operator. It is written as the sum of electromagnetic, a one-pion-exchange
and short-range phenomenological terms. This complicated potential includes 40 free paramet-
ers used to fit this to the N-N phase shifts phenomenologically. Like Reid and CD-Bonn before,
it also includes a soft core and its s- and d-states are coupled. This wavefunction is one of the
most physically accurate to date, and has a d-state percentage of 5.76%.
2.1.6 Chiral effective field theory
N-N potentials derived from chiral effective field theory are calculated by taking advantage of
the symmetries of quantum chromodynamics (QCD). Here, the theory of the strong interaction,
QCD, is used to solve the two nucleon problem by performing a perturbative expansion of the
N-N interaction including one and two pion exchange potentials. In order to regularize the short
range (high momentum) behavior of this expansion a radial factor, referred to as the regulator,
is introduced. At the time of writing expansions including next to next to next to next to
leading order (N4LO) contributions have been calculated [100, 101], with regulator values over
0.8 to 1.2 fm. Wavefunctions found from these potentials are designed to have the empirical
deuteron binding energy (see table 2.1) and have 4.29% d-state.
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2.2 Deuteron properties for stripping
All of the wavefunctions discussed reproduce the empirical deuteron binding energy, but have
differing d-state proportions and radial behavior (figure 2.1). To investigate how these differ-
ences will propagate though (d, p) reaction calculations some relevant parameters have been
calculated.
2.2.1 Deuteron Vertex function, Vnpφ0
In (d, p) reaction formalism the product of the deuteron wavefunction, φ0(r), and the internal
neutron-proton interaction, Vnp(r), inside the deuteron appears often (see equations 1.39 and
1.51). The Schro¨dinger equation shown in equation 1.42a can be rearranged to calculate Vnpφ0:
(d + Tr)φ
Md
0 (r) = Vnpφ
Md
0 (r). (2.7)
Vnpφ
Md
0 is defined to have a form similar to the deuteron wavefunction (equation 2.1):
Vnpφ
Md
0 (r) =
∑
ldλdσd
(ldλdsdσd|JdMd)vld(r)
r
Yλdld (rˆ)χsdσd . (2.8)
From this, the radial function vld(r) can be found from a one dimensional time independent
Schro¨dinger equation, such that
vld(r) =
[
d +
~2
2µd
(
d2
dr2
− ld(ld + 1)
r2
)]
uld(r), (2.9)
here uld are the radial components of the deuteron bound state wavefunction (equation 2.1).
The radial function, vld , has been calculated for each of the wavefunctions in question which
can be seen in figure 2.2. The momentum space representations were found via:
vld(k) =
∫ ∞
0
vld(r)jld(kr)rdr. (2.10)
Here jld is a spherical Bessel function of the first kind. It can also be noted at this point
that Hulthe´n s-state’s simple analytic form means that equations 2.9 and 2.10 can be solved
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Figure 2.2: Deuteron s and d-state vertex functions, see figure 2.1 for legend. As with the
wavefunctions (figure 2.1) the Hulthe´n and Gaussian functions once again do not show similar
behavior to any other function, this is due to their short range characteristics. The inlay shows
the behavior of the Hulthe´n d-state function as r → 0, this demonstrates that this function is
unphysical. The vertex functions are a much clearer probe as to the differences between the
N-N potentials than the wavefunctions.
analytically, yielding:
v
(H)
0 (r) =N
d
α2
e−κr(α2 − κ2), (2.11a)
v
(H)
0 (k) =N
d
α2
α2 − κ2
κ2 + k2
. (2.11b)
Definitions of N,α, κ, d are given in section 2.1.1. The momentum space functions (right hand
panels of figure 2.2) show similarity between all functions at low momenta (k / 1.5fm−1).
Which would suggest that calculations performed in a low momentum limit would differ little
with the choice of wavefunction. If the calculations had any sensitivity to higher momentum
contributions the choice of function would have a large impact as they each have differing high
k behaviour.
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2.2.2 D0
As was shown in the introduction, it is common for the short range Vnp interaction to be
approximated as zero range, in the calculation of the transition amplitude, Tdp. Equation 1.40
showed this results in the function Vnpφ0 being constant. This constant, D0, is an essential
number in zero range reaction calculations.
D0 can be calculated from the vertex function’s s-state radial component, v0. The d-state
is not included as for low k it tends to zero (figure 2.2). In k-space, D0 is given by:
D0 =
√
4piv0(k = 0), (2.12)
and in r-space by the volume integral of v0(r)
D0 =
√
4pi
∫ ∞
0
v0(r)rdr. (2.13)
The
√
4pi factor arises from the s-state angular components. If the same wavefunction is used,
the calculations from r-space and k-space should give the same value for D0. The Hulthe´n
s-state yields an analytic form for D0:
D
(H)
0 =
√
4piN
d
α2
(α2 − κ2)
κ2
(2.14)
A first step towards including finite range nature of Vnp, is to take the leading order terms of
the momentum space Taylor expansion of Vnpφd for low k. This is called the Local Energy
Approximation and was first developed by Buttle and Goldfarb [102].
Vnpφ0(k) = D0
(
1− k
2
κ2
)
. (2.15)
Here k is momentum and D0 is the first term of this expansion. Equation 2.15’s right hand side
is contains scalar k, as the s-state angular components reduce to (
√
4pi)−1 (which is included
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in D0). The finite range parameter κ can be calculated by
κ =
[
D−10
√
4pi
6
∫ ∞
0
v0(r)r
3dr
] 1
2
. (2.16)
A comparison of κ andD0 can be seen in table 2.2. TheD0 values in table 2.2 were calculated
from both configuration and momentum space for each wavefunction, these were found to be
the same. Given the similar low momentum behaviour of the vertex functions (figure 2.2) they
should have similar D0 and κ values.
2.2.3 Vertex normalisation 〈φ0|Vnp|φ0〉
The denominator in equation 1.53, 〈φ0|Vnp|φ0〉, is the average np potential energy in the deu-
teron. This acts as a normalization factor, which includes contributions from both the s and d
states. It is found from the radial components of the wavefunction uld (equation 2.1) and vld
(equation 2.9),
〈φ0|Vnp|φ0〉 = Nv =
∫ ∞
0
[u0(r)v0(r) + u2(r)v2(r)] dr. (2.17)
〈φ0|Vnp|φ0〉 for each wavefunction can be seen in table 2.2 along with their the d-state propor-
tions (PD). These have a much higher d-state proportion than the deuteron wavefunction (PD)
suggesting that the d-state should have a greater influence on calculations with vertex function
included.
Normalised vertex function, φMd1
The adiabatic deuteron target potential contains the vertex function normalised with the av-
erage np potential energy in the deuteron. This is defined in equation 1.53. φMd1 can also be
written in a form similar to equation 2.8 (including the result from equation 2.17)
φMd1 (r) =
1
Nv
∑
ldλdσd
(ldλdsdσd|JdMd)vld(r)
r
Yλdld (rˆ)χsdσd . (2.18)
This form will appear later in the formalism of the nonlocal adiabatic deuteron-target potential.
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2.2.4 〈φ1|Tnp|φ0〉V
〈φ1|Tnp|φ0〉V is a probe of the np kinetic energy in deuteron (defined by the operator Tnp), within
the range of the neutron-proton interaction Vnp. Much like 〈φ0|Vnp|φ0〉 this has contribution
from both s and d states and can be calculated from the radial components of the wavefunction
(uld , equation 2.1) and vertex function (vld , equation 2.8):
〈φ1|Tnp|φ0〉V = 〈φ0|VnpTnp|φ0〉〈φ0|Vnp|φ0〉 (2.19a)
〈φ0|VnpTnp|φ0〉 =
∫ ∞
0
v0(r)
[
− ~
2
2µd
d2
dr2
u0(r)
]
+ v2(r)
[
− ~
2
2µd
(
d2
dr2
− 6
r2
)
u2(r)
]
dr (2.19b)
The 6
r2
factor in the d-state piece is simply the centrifugal barrier term (ld(ld + 1) with ld = 2).
These, along with the other parameters discussed in this chapter, can be seen in table 2.2 for
each of the wavefunctions introduced earlier.
2.2.5 Parameter comparison
Table 2.2 shows the parameters discussed for each of the wavefunctions in section 2.1. An obvi-
ous feature of table 2.2 is that 〈φ1|Tnp|φ0〉V for the Hulthe´n s+d wavefunctions is unreasonable.
This is due to the nonphysical high momentum behaviour of the Hulthe´n d-state. This can be
seen in figure 2.2 which shows the vertex function, the Hulthe´n d-state becomes very large at
small r. This in turn leads to a momentum space function which does reach zero in the range
plotted, unlike every other function. By comparison to the other functions plotted, the Hulthe´n
functions vastly differing behaviour points to it being a poor description of the deuteron d-state.
The pure s-state Hulthe´n wavefunction produces a much more reasonable set of parameters,
giving further evidence that the phenomenological Hulthe´n d-state is a poor representation of
the true d-state wavefunction. The Gaussian wavefunctions 〈φ1|Tnp|φ0〉V value is much smaller
than those of the other wavefunctions. This result suggests that the Hulthe´n potential produces
a more accurate description of the s-state than the Gaussian potential.
In construction of the Hulthe´n wavefunctions (see section 2.1.1) it was noted that κ was
taken as κ = 6α = 1.3887 fm−1. Table 2.2 shows that this value agrees fairly well with the
result for the pure s-state wavefunction. The wavefunction is not sensitive to small changes in
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NN Potential 〈φ0|Vnp|φ0〉 PD PD D0 κ 〈φ1|Tnp|φ0〉V
(MeV) (%) (%) (MeV fm
3
2 ) (fm−1) (MeV)
Gaussian (r0=1.55 fm) -12.7887 0 0 -126.1821 1.3553 33.1352
Hulthe´n (Pure s) -15.5545 0 0 -126.1487 1.3830 106.6188
Hulthe´n (s+d) -30.9116 53.532 3.90 -121.2561 1.3746 659.2012
Reid -24.3396 39.700 6.46 -125.1923 1.3400 245.7857
AV18 -22.0836 39.449 5.76 -126.1144 1.3160 217.9640
CD-Bonn -17.8851 32.632 4.85 -126.2169 1.3256 112.5403
N4LO (reg = 0.8fm) -22.6948 17.374 4.19 -126.1686 1.3392 247.1746
N4LO (reg = 0.9fm) -21.0456 19.699 4.29 -126.2212 1.3506 190.0699
N4LO (reg = 1.0fm) -19.5743 22.205 4.40 -126.3178 1.3602 154.6344
N4LO (reg = 1.1fm) -18.3761 26.145 4.74 -126.3947 1.3663 122.6313
N4LO (reg = 1.2fm) -17.4288 29.621 5.12 -126.4958 1.3753 88.2451
Table 2.2: Table of deuteron stripping parameters for different deuteron wavefunctions.
κ, beyond the second decimal place. This should be so, as the radial vertex function and D0
used in κ’s calculation (equation 2.16) used κ = 6α. The differing κ value for s+d wavefunction
demonstrates that the d-state presence in the wavefunction’s normalisation significantly effects
the functions properties. Which leads to changes in the parameters calculated in table 2.2, such
as, the increase in D0. This is caused by the unphysical behaviour of the Hulthe´n d-state.
The Reid and AV18 functions show very similar values for the parameters calculated, and
one would expect them to display similar behavior when used in reaction calculations. The CD-
Bonn wavefunctions differ from AV18 and Reid with a lower d-state probability in the vertex
normalization, as well as having a smaller d-state proportion in general. It also shows signific-
antly lower 〈φ1|Tnp|φ0〉V . This is a manifestation of the CD-Bonn functions short range (high
momentum) characteristics. When used in models of deuteron stripping these wavefunctions
should produce smaller d-state effects. That is not to say that these effects will be negligible,
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just smaller than those produced by the AV18 and Reid interactions.
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Figure 2.3: Stripping parameters plotted as a function of regulator distance for the wavefunc-
tions derived from chiral effective theory. The values for the AV18 and CD-Bonn wavefunctions
are shown for comparison.
Figure 2.3 shows the stripping parameters plotted as function of regulator for the N4LO
wavefunctions from chiral effective field theory. The corresponding values for the AV18 and
CD-Bonn potentials are plotted for comparison. For all of the parameters these functions show
some regulator dependence. The regularization scheme, used in the model which produces these
wavefunctions, is the same as that used in earlier work, where N3LO wavefunctions were derived
[103]. This was done to remove divergences from high momentum (short range) components
by way of a cutoff. It was noted by the authors that this approach does lead to some regulator
dependence on nuclear observables, but this weakened with higher orders of expansion. It is
also shown in [103] that shorter regulator lengths show better agreement with phase shift data.
Plots 1 and 5 both show the N4LO values are between those for AV18 and CD-Bonn, here
shorter regulation tends towards the AV18 value and longer towards CD-Bonn.
For plots 2,3 and 4 of figure 2.3 the N4LO wavefunctions differ from both AV18 and CD-
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Bonn. This could be because of the N4LO wavefunctions lower d-state percentage in the vertex
(plot 2). This will change the relative size of the s and d-state radial vertex functions (lower
panels of figure 2.2), as such parameters calculated from either or both of them (such as D0
and κ in plots 3 and 4 respectively) show differences from other functions with higher d-state
probability. It should also be noted that (as can be seen in figure 2.2) the N4LO vertex functions
have different forms at high momenta and the quantities calculated here may not probe this
region entirely. So full reaction calculations, which probe the high momentum components,
may give rise to differences between this set of functions and the others which is not seen here.
Chapter 3
Local deuteron distorting potentials
and cross sections
As was discussed in the introductory chapter, nucleon-nucleus optical model potentials are
intrinsically nonlocal. However, for ease of calculation, this is often ignored and these potentials
are replaced with local optical model potentials (as seen in section 1.2.2). As its effects have
been shown to be small in this limit, the deuteron d-state is also often not included in (d, p)
reaction calculations. This chapter will evaluate the effect of including the d-state in local
deuteron-target potential models, and how the effects manifest themselves in differential cross
sections.
To study the effects generated by the d-state in traditional, local reaction calculations
three scenarios will be investigated: (1) when nuclear distortions are ignored, to investigate
the d-state effect from Vnpφ0 present in the transition amplitude (see equation 1.39), (2) local
calculations of distorting potentials with the d-state included, (3) local equivalents of nonlocal
distorting potentials which are thought to be sensitive to higher n-p momentum contributions.
The sources of these d-state effects, in the transition amplitude T, are demonstrated in figure
3.1.
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Figure 3.1: A diagrammatic representation of the sources of d-state effects in the (d, p) transition
amplitude.
3.1 Without distortions: The plane wave limit
A simple way of assessing the influence of the d-state component of Vnpφ0 in the transition
amplitude, T, is to use the plane wave limit. This is referred to as the plane wave Born
approximation or PWBA. Here, it is assumed that there is no distorting potential and plane
waves are incident on, and exit from, the target. So, the deuteron channel wavefunction, ψd,kd ,
as defined in DWBA (equation 1.36), can be written
ψd,kd(r,R) = e
−ikd·Rφ0(r), (3.1)
where e−ikd·R is the incident deuteron plane wave and the deuteron bound state wavefunction,
φ0, has the form seen in equation 2.1. The proton channel distorted wavefunction, χp,kp , in
PWBA is
χp,kp(Rp) = e
ikp·Rpχspσp , (3.2)
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here χspσp is the proton’s spin function, which is a eigenstate of the proton spin sp = 1/2 and
its projection σp. e
ikp·Rp is the plane wave of the outgoing proton. The transition amplitude,
seen in equation 1.39, becomes:
TmnσpMd = 〈φmnn eikp·Rpχspσp |Vnp|φMd0 e−ikd·R〉. (3.3)
Where, φmnn is the transfered neutron’s bound state wavefunction. In these expressions kd and
kp are the entrance and exit channel center of mass momenta
1. The coordinate system used
can be seen in figure 1.1. The only potentials that act in this limit are the neutron-proton
interaction inside the deuteron, Vnp, and the potential that binds the neutron in the final state.
A full derivation of the plane wave transition amplitude can be found in Appendix A. In the
derivation, and this section, it is assumed only a single, unique value for the total momentum of
the transfered neutron, jn, exists and that the spectroscopic factor S = 1. The modulus squared
of the plane wave transition amplitude, required to calculate the differential cross section, can
be written:
|Tjnln|2 = (4pi)2
∑
ld
(2jn + 1)(2Jd + 1)
(2sn + 1)
uln(q)
2vld(k)
2,
= (4pi)2
(2jn + 1)(2Jd + 1)
(2sn + 1)
uln(q)
2
[
v0(k)
2 + v2(k)
2
]
,
(3.4)
uln(q) is the radial component of the Fourier transform of the neutron bound state wavefunction
(see equation A.2 in Appendix A). This is calculated from a Woods-Saxon potential with
radius and diffuseness parameters r0 = 1.25fm, a = 0.65fm and depth found to reproduce the
separation energy of the transferred neutron’s final state in the A + 1 nucleus. jn, ln, sn are
the total, orbital and spin angular momenta of the transferred neutron. v0, v2 are as defined
in Chapter 2 (equation 2.10 and figure 2.2). The form of the transition amplitude in equation
3.4 can be used in equation 1.21 (more accurately equation A.12) to find an expression for the
1Strictly, kp and kd are wave numbers. These are directly proportional to the momentum, p and throughout
this work will be referred to as such,
p = ~k.
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plane wave differential cross section
dσ
dΩ
=
4µdAµp(A+1)
~4
kp
kd
(2jn + 1)
(2sn + 1)(2JI + 1)
uln(q)
2
[
v0(k)
2 + v2(k)
2
]
. (3.5)
Here, JI is the total angular momentum of the target nucleus and µdA, µp(A+1) are the entrance
and exit channel reduced masses. The momentum variables are defined as q = | A
A+1
kp − kd|
and k = |kp− 12kd|. The differential cross section will be calculated with the different deuteron
wavefunctions discussed in the previous chapter, at differing incident deuteron energies, to
study the impact of the d-state.
This section will use the Hulthe´n (pure s-state) wavefunction as a baseline for comparison,
as it is the no d-state limit. The rest of the wavefunctions used will all contain a d-state
component: the phenomenological Reid soft core, CD-Bonn and AV18 wavefunctions, as well
as those derived from chiral EFT. This selection of wavefunctions will allow d-state effects, from
a range of N-N potentials, to quantified.
3.1.1 Plane wave cross section calculations
What follows are the results of calculating the differential cross section within the plane wave
limit (equation 3.5) for the 40Ca(d, p)41Ca reaction (40Ca ground state is JpiI = 0
+). These will
be found at incident deuteron energies of 5, 50 and 150 MeV. The cross sections will be able to
assess the role the d-state plays in the transition amplitude without the presence of distortions.
In these calculations, the range of k, the momentum variable on which the radial component of
the vertex function, vld , (equation 2.10) depends, will vary with incident energy. This is shown,
as a function of scattering angle, for each of the incident energies which will be used in this
section, in figure 3.2.
The range of k increases with incident deuteron energy. This is to be expected, as k =
|kp− 12kd| and kp,kd will increase with incident energy2. The momentum space vertex functions,
seen in figure 2.2, don’t show any variation between the results from different N-N potentials
2Here,
k2 = k2p +
1
4
k2d − kpkd cos θ
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Figure 3.2: The values the momentum variable k, used by the radial component of the deuteron
vertex function vld , takes as a function of angle. This is shown for the incident deuteron energies
studied in this section. As the incident deuteron energy increases the range of k increases. This
suggests that reactions at higher incident energies will be sensitive to the high momentum
behavior of the deuteron vertex function (see figure 2.2).
until k ' 1fm−1. So, the 5 MeV cross sections should not be sensitive to any of the high
momentum behavior. The cross section calculations using higher incident energies may show
some sensitivity to the higher momentum (k ' 1fm−1) behavior of the vertex function at larger
scattering angles; θ ' 60° at 50 MeV and θ ' 30° at 150 MeV.
The cross sections at each the three incident energies discussed will now be presented. The
plots in this section show the cross sections on both a linear scale, to demonstrate the effects
of using different wavefunctions at the first peak, and on a logarithmic scale, to show the cross
sections over all angles.
5 MeV incident energy
As can be seen in figure 3.2, at an incident energy of 5 MeV only the low momentum behavior
of the deuteron vertex functions is probed. As v2 → 0 as k → 0 (see figure 2.2) the d-state
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contribution to the plane wave differential cross sections (see figure 3.3) is small, at this energy.
The d-state makes up ≈ 5% of the s+d cross section at its peak. It is worth noting that the
d-state component of the cross section peaks at larger angles, but it is still small. The difference
between the s+d cross sections for the different N-N models is ≈ 5% at the peak. When the
Hulthe´n (pure s) results are not included, the s+d cross sections differ by 2.2% at the peak. The
Reid wavefunction provides the largest d-state component, N4LO (reg = 0.8 fm) the smallest.
They differ by approximately 11.5% at the d-state component’s peak. These wavefunctions
have the smallest and largest d-state probabilities respectively (see table 2.2), so this result
was to be expected. The CD-Bonn results have the largest s-state components (discounting
the pure s-state calculations), which are ≈ 2.4% larger, at the peak, than the smallest s-state
component.
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Figure 3.3: Differential cross sections for the 40Ca(d, p)41Ca reaction calculated within the
plane wave limit for a 5 MeV incident deuteron. This shows calculations with the AV18
(orange), Hulthe´n (pure s-state) (blue), Reid (green), CD-Bonn (cyan) and N4LO reg = 0.8fm
(purple), reg = 0.9fm (pink), reg = 1.0fm (brown), reg = 1.1fm (magenta), reg = 1.2fm (yellow)
wavefunctions. The Hulthe´n (pure s) wavefunction has no d-component, as such it is only
presented for the full cross section (top panels). Here the d-state component only has influence
at high angles and is always dominated by the s-state piece.
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50 MeV incident energy
As the energy of the incident deuteron increases, so does the range of k. Figure 3.2 shows
that at larger angles the momentum entering the vertex functions is high enough to have some
sensitivity to the choice of N-N potential (see figure 2.2). This is evident from the cross sections
(figure 3.4) s-state components varying behavior at these angles. The d-state component has
more influence here, dominating the cross section from θ ' 60°. The cross sections peak at
smaller angles and the d-states contribution to the peak is still approximately 5%. The d-states
contribution to the differential cross section is only significant at large angles. The differences
between the results of the different wavefunctions, at the peak, are broadly the same as at 5
MeV. Of the wavefunctions which contain a d-state piece; CD-Bonn has the largest s-states,
≈ 2% larger peak than the smallest s-state component, and Reid function provides the largest
d-state component, ≈ 11% larger than the smallest d-state component. Again the total cross
sections varies by ≈ 5%, which lowers to 2.2% when the pure s-state calculations are not
included.
150 MeV incident energy
At even higher incident energies the interplay between the s-state and d-state components is
much the same as it was at 50 MeV, but with the effects shifted towards smaller angles. Figure
3.5 shows the d-state dominates the differential cross section from ≈ 30°. The range of values
which k takes is much higher at this energy. Figure 3.2 informs that at large scattering angles
these cross sections are sensitive to the high momentum components of the vertex functions (see
figure 2.2). This explains the increased variation between the different N-N models at such large
angles. Even with these effects arising at smaller scattering angles, the d-state contribution to
the first peak of the differential cross section is small, ≈ 9%. There is a greater variation
between the cross sections peak values at this energy. In the s+d cross section there is ≈ 6%
increase at the peak from AV18 to Hulthe´n. This becomes 3.3% when only the wavefunctions
with d-states are considered. The s-state components shows same variation, ≈ 3% from smallest
to largest. As with the other energies studied in this chapter, the Reid wavefunctions give the
larges d-state peak, ≈ 11% larger than the N4LO (reg = 0.8fm) (which gives the smallest d-state
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Figure 3.4: Differential cross sections for the 40Ca(d, p)41Ca reaction calculated within the plane
wave limit for a 50 MeV incident deuteron. Here the d-state component dominates at from ≈
60°. See caption of figure 3.3 for legend.
component peak).
3.1.2 Conclusions from the plane wave limit
The plane wave approximation probes the d-state’s influence from the vertex function Vnpφ0,
which appears in the transition amplitude for a (d, p) reaction, without the presence of d-
state effects arising from the distorting potential. Figures 3.3, 3.4 and 3.5 show the d-state
contribution in this limit only has significance on differential cross sections at higher incident
energies and at large angles. This was initially made clear by the momentum distributions
shown in figure 3.2. Only at high incident energies does the momentum, on which the vertex
function depends, become large enough to probe the differing high momentum behaviour of
the vertex functions produced by different N-N models. Only in this region can the d-state
component of these functions rival the s-states magnitude. As such, the d-state effects from the
transition amplitudes vertex function (see equation 1.39 and figure 3.1), on differential cross
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Figure 3.5: Differential cross sections for the 40Ca(d, p)41Ca reaction calculated within the plane
wave limit for a 150 MeV incident deuteron. Here the d-state component dominates at from ≈
30°. See caption of figure 3.3 for legend.
sections is small at low incident energies and small scattering angles.
The choice of N-N potential used in these calculations did give some variation in the cross
section (≈ 5% at the cross section peak), but this shows only small changes with energy. In-
creasing the incident deuteron energy from 5 to 150 MeV only increases the spread of different
wavefunctions by / 1% in the first peak of the differential cross section. Almost all of these
effects arise from the s-state component, variation between N-N models is approximately con-
stant with incident energy. The changes seen are comparable to the 2.05% change seen between
the square of the D0 values (see table 2.2). D0 is calculated from the low momentum behaviour
of the s-state vertex function (equation 2.12), so the similarity is caused by what is shown in
figure 3.2. The small angle behaviour of the plane wave cross section is only dependent on the
low momentum behaviour of the vertex functions, regardless of incident energy.
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3.1.3 The zero range (ZR) and local energy approximations (LEA)
At low energies and small scattering angles, k values at which the deuteron vertex function
is required are small (see figure 3.2). Therefore, the vertex function, within the transition
amplitude T, can be approximated in a low momentum limit. As v2 → 0 as k → 0 (see figure
2.2) such an approximation will not include any d-state effects in the transition amplitude. At
low energies, its contribution to the differential cross section from the transition amplitude’s
vertex function has been shown to be small (see figure 3.3), so can be safely ignored.
Two methods of approximating the vertex function of the transition amplitude will be
investigated: zero range approximation (equation 1.40) and local energy approximation [102]
(equation 2.15). These modify the expression for the plane wave differential cross section
(equation 3.5) as follows:
(
dσ
dΩ
)
ZR
=
4µdAµp(A+1)
~4
kp
kd
(2jn + 1)
(2sn + 1)(2JI + 1)
uln(q)
2D20, (3.6a)(
dσ
dΩ
)
LEA
=
4µdAµp(A+1)
~4
kp
kd
(2jn + 1)
(2sn + 1)(2JI + 1)
uln(q)
2D20
(
1− k
2
κ2
)2
. (3.6b)
Calculations of differential cross sections using each of these limits have been performed. This
was done at an incident deuteron energy of 5 MeV for the 40Ca(d, p)41Ca reaction, see figure
3.6. Of the cross sections found using the zero range approximation (left hand panels of figure
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Figure 3.6: PWBA differential cross sections for the 40Ca(d, p)41Ca reaction calculated for a 5
MeV incident deuteron. The left hand panel uses the zero range approximation (equation 1.40).
The right hand panel shows the results when using the local energy approximation (equation
2.15). See caption of figure 3.3 for legend.
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3.6) the N4LO (reg = 1.2 fm) wavefunction gives the largest result. This is expected, as it
produces the largest value for the finite range constant D0 (see table 2.2). The N
4LO (reg =
1.2 fm) cross section is 39.7% larger than the results using full finite range (figure 3.3) and
46.14% larger than the equivalent cross section using the local energy approximation (right
hand panel of figure 3.6). The zero range cross sections are ordered in accordance with the
D0 values (see table 2.2) from smallest to largest. As was seen in the previous chapter, the
D0’s have little variation between the different deuteron wavefunctions (≈ 1%) and, as they
are directly proportional, the zero range cross sections also show little variation between the
cross sections. Their is only a 2.05% change from the smallest cross section to the largest, this
is precisely the change seen in D20.
The results using the local energy approximation are more comparable to the results in
figure 3.3 than the zero range results. The N4LO (reg = 1.2 fm) wavefunctions cross section is
10.52% lower than the equivalent in figure 3.3. The local energy approximation has increased
the differences between the different wavefunctions, there is a 6.6% increase from smallest to
largest cross section at the peak. This is greater than the spread seen in figure 3.3, and is
caused by the value of the finite range parameter, κ (see table 2.2). For the wavefunctions
used, κ increases by 4.845%, which is greater than the variation seen in D0. The LEA cross
sections are ordered from smallest to largest in line with κ.
As the reactions of interest to this work are at low energies (incident deuteron / 20 MeV)
the use of either the zero range or LEA is justified. This work will favour the zero range
approximation because, when distorting potentials are included, at this energy the finite range
effects are known to be small [102, 104] and this will isolate d-state and high n-p momentum
effects to arising only from the distorting potentials.
3.2 Local distorting potentials
It is known that PWBA does not provide an accurate representation of the (d, p) reaction. It
lacks any absorptive term to represent flux leaving the elastic channel and as such, produces
overly large differential cross sections. In reality, the motion of the incident and exiting particles
is distorted by the nuclear and Coulomb projectile-target potentials. Traditionally, local dis-
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torting potentials are used to model such effects. The d-state’s influence on such potentials will
now be evaluated. To study the impact on d-state effects by including deuteron break-up in the
local distorting potentials, two formulations for the deuteron-target interaction will be invest-
igated. One of which includes effects arising from the break-up of the deuteron and the vertex
function Vnpφ0, and another which includes neither. It was demonstrated in Chapter 2 that the
d-state has a larger probability in the vertex function, PD, over that of the wavefunction PD
(see table 2.2). This will mean that potentials which include Vnpφ0 in their construction have
greater d-state effects than those without.
As discussed in the introductory chapter, the Watanabe model [61], the theoretical deuteron-
target potential in the absence of breakup, has the form
UWdA(R) = 〈φ0|UnA + UpA|φ0〉. (3.7)
Here, d-state effects will arise entirely from the deuteron wavefunction φ0(r). UNA(rN) are
the neutron(n) and proton(p)-target interactions, respectively, where rN are the coordinates
relative to the target center of mass. These are represented by optical model potentials of the
Woods-Saxon form, for the real volume terms (see equation 1.16b), and their derivatives, for
the imaginary surface terms (see equation 1.16c).
The Watanabe potentials will be compared to the adiabatic potentials, also discussed earlier.
The adiabatic model [65] of deuteron stripping includes effects arising from the break-up of the
deuteron. This deuteron-target distorting potential then has the form given in equation 1.52:
UadidA (R) =
〈φ0|Vnp[UnA + UpA]|φ0〉
〈φ0|Vnp|φ0〉 . (3.8)
This includes the normalised vertex function (as defined in equation 1.53). As this potential is
intended to describe deuteron stripping by approximating the deuteron-target wavefunction at
short n-p separations, it will not describe elastic scattering data. The differences between these
potentials will show the influence of break-up channels on d-state effects, in the local distorting
potentials.
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3.2.1 Potential calculations
Both Watanabe and adiabatic potentials have been calculated using the CH89 parameter [33]
set for UNA for a deuteron incident on
40Ca at 10 MeV. These can be seen in figure 3.7.
The potentials have been calculated for the deuteron wavefunctions discussed in this chapter.
Including the d-state into a calculation of the deuteron-target potentials produces a tensor force
[27]. As this is known to have a very small effect on differential cross sections [84] it is not
included in any of the results presented in this chapter. The adiabatic potentials are deeper and
less diffuse than the Watanabe case. The differences between the potentials calculated from
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Figure 3.7: Real volume and imaginary surface potentials for deuteron incident on 40Ca at
10 MeV. The top panels show the results from the Watanabe model, the bottom panels from
the adiabatic model. The adiabatic potentials are slightly deeper and less diffuse than the
Watanabe potentials. This shows that the short range internal deuteron interaction does in-
fluence the distorting potential, but as there is little difference between the wavefunctions, so
high momentum behaviour does not.
the different wavefunctions are very small. There is more variation when using the adiabatic
approximation. This is caused by the inclusion of the short range Vnpφ
Md
0 function. These
results suggest that, within the local limit, the choice of deuteron wavefunction has a very
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small influence on the resultant distorting potentials. By comparing the Hulthe´n (pure s-state)
potential with the other functions it is clear that the d-state has a very small influence on
central local distorting potentials, regardless of which projectile-target potential model is used.
Here the difference between the depth of the real part of the potentials calculated from Hulthe´n
wavefunction and that of AV18 is ≈ 0.1%, for both the Watanabe and adiabatic models.
3.2.2 Transfer cross sections including nuclear distortions
To study how the variation in the local distorting potentials, arising from the choice of potential
model or deuteron wavefunction, effect calculated (d.p) reaction observables, differential cross
sections have been found. The two outlying potentials from figure 3.7, those from the Hulthe´n
and N4L0 (reg=1.2 fm) wavefunctions, have been used to calculate differential cross sections
for the 40Ca(d, p)41Ca reaction at 10 MeV. Here, the reaction populates the f 7
2
ground state in
41Ca. As can be seen in equation 1.39 the Vnpφ0 function will appear in the transition amplitude
as well as in the distorting potential. For these calculations, Vnp in the transition amplitude
will be treated as zero range (equation 1.40). This will introduce the zero range constant,
D0, into the calculation of the transition amplitude and, as such, each wavefunction will use
a different value for D0 (see table 2.2). How much this value effects the final result has been
evaluated by performing two sets of calculations. One set in which the specific D0 value for
each wavefunction (see table 2.2) is used and another set where the same value is used for both
functions. In this latter case the value for the Hulthe´n wavefunction. The results can be seen
in figure 3.8. These calculations were performed by reading the potentials in figure 3.7 into the
reaction code TWOFNR [105].
Inducing the effects of projectile break-up in the calculation of the deuteron-target potentials
does have a significant effect on differential cross sections. In the top panel of figure 3.8, the cross
sections which used the Watanabe potentials are 14.2% higher than the adiabatic results at the
cross section’s peak. This difference persists regardless of the choice of deuteron wavefunction.
The results in figure 3.8 show that the choice of N-N potential used to describe the deuteron has
very little effect on the resultant differential cross section, when local optical model potentials
are used. For the Watanabe model, the cross sections, found using different N-N models, only
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Figure 3.8: Cross sections calculated using the potentials for the Hulthe´n pure s and N4L0
(reg=1.2 fm) wavefunctions from figure 3.7. The top panel shows the cross sections when the
D0 values corresponding to each wavefunction has been used and beneath where the same value
has been used. The choice of deuteron-target distorting potential has a larger effect than the
choice of D0 used the transition amplitude or deuteron wavefunction in the distorting potential.
differ by 0.47%. This is increased to 1.01% for the adiabatic case.
The choice of the zero range constant, D0, also does not have any significant effect upon
the final results. When the same value for D0 is used the cross section’s change by 0.53% for
the adiabatic calculations and 0.07% for the Watanabe case. These differences are smaller than
those caused by the choice of deuteron wavefunction used in the deuteron-target potential. This
shows that effects arising from the distorting potentials dominate those from the treatment of
the vertex function in the transition amplitude.
This section has shown that local deuteron-target potentials, and cross sections calculated
from them, are not sensitive the choice of N-N potential. The inclusion of a d-state component
has little effect on the central potential terms. As the wavefunctions from the N-N potentials
studied have similar low momentum behaviour but differing high momentum structure (see fig-
ures 2.1 and 2.2) this suggests that the local calculations are insensitive to the high momentum
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components. As the d-state component of the deuteron wavefunction is small at low momentum
(figure 1.2), these potentials only produce small d-state effects.
3.3 Local equivalent potentials
Potentials which include nucleon-nucleus nonlocality are complicated and can be difficult to
compute. Often, local potentials which quantitatively reproduce the effects of the nonlocal
potentials are sort. As was discussed in Chapter 1 when using the distorted wave Born approx-
imation Perey factors, derived from local equivalent potentials, can be used to reproduce the
Perey effect (the suppression of the distorted wave in the nuclear interior). This is the dom-
inant effect of nucleon-nucleus nonlocality on elastic scattering. Recent work has investigated
the effects of nonlocality in the adiabatic distorted wave approximation, with a pure s-state
deuteron [75, 76]. This work derived a method of calculating local equivalent deuteron-target
potentials within ADWA theory. The role of the d-state within the framework of reference [75]
will be investigated.
3.3.1 Parameters for ADWA local equivalent potentials
The framework set out by Timofeyuk and Johnson [75] contains a number of parameters,
calculated from the deuteron wavefunction, for a nonlocal adiabatic stripping model. These
will now be introduced and then calculated for the wavefunctions discussed in Chapter 2. Firstly
the moments M2n, which act as a renormalization factor for the local equivalent potentials (see
equations 1.19 and 1.55) can be defined as:
M2n =
∫
dsdxs2nH(s)φMd1
(
x− A
A+ 1
s
)
φMd0 (x). (3.9)
Where s and x are relative nonlocal coordinates for the deuteron-target system, H is a Gaussian
containing the nucleon nonlocality range, βN (see equation 1.18b) and φ0, φ1 have the definitions
given previously (equations 2.1 and 1.53 respectively). These can be used to calculate an
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effective nonlocality range for the deuteron, βd, from [75]
βd =
1√
2
[
M2
3!!M0
] 1
2
. (3.10)
Timofeyuk and Johnson found that the local, energy dependent, nucleon-nucleus optical model
potentials required the inclusion of some extra energy to account for nonlocal effects. This is
energy needed in addition to the usual E/2 (E is the projectile energy) value when calculat-
ing local energy dependent nucleon-nucleus potentials. Both the moments and the effective
nonlocality range can be used to calculate this additional energy, which can be found by
E0 = − 2~
2
µβN
ln
[
A+ 2
A+ 1
(
2βd
βN
)2
M0
]
. (3.11)
Here µ is the reduced mass of the deuteron-target system, A is the target mass number and
βN is the nucleon nonlocality range, typically ≈ 0.85 − 1fm. This extra energy is believed
to arise from sensitivity to the short range n-p components of the three-body deuteron-target
wavefunction.
The values for these nonlocal parameters for the various deuteron wavefunctions discussed
in Chapter 2 can be seen in table 3.1. What can first be noted is the unrealistic behaviour of
the Hulthe´n d-state. Its unphysical momentum space behaviour (see figure 2.2) produces an
E0 value of over 200 MeV. The pure s-state parametrisation, in the same manner as was seen
for the stripping parameters in the previous chapter (table 2.2), gives much more reasonable
results.
The wavefunctions with higher d-state proportions in their vertex functions, PD (see table
2.2), show smaller moments (M0) and larger additional energies (E0). Timofeyuk and Johnson’s
work with a pure s-state deuteron found that E0 ≈ 40MeV. The large E0 values (≈ 70 MeV)
produced by some of the wavefunctions including a d-state suggests that the d-state, and its
additional high momentum components, will enhance the nonlocal effects in local equivalent
distorting potentials. Some early work [74] on the effect of nucleon-nucleus nonlocality on
deuteron potentials found that βd ≈ βN/2. The βd values found within this framework are
smaller than βN/2 = 0.4835fm (table 3.1 uses βN = 0.967 fm). The wavefunctions with a d-state
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NN Potential M0 E0 (MeV) βd (fm)
Gaussian (r0 = 1.55 fm) 0.5696 78.8012 0.4104
Hulthe´n (Pure s) 0.7606 35.4684 0.4507
Hulthe´n (s+d) 0.1204 239.8118 0.3682
Reid 0.5255 79.2752 0.4261
AV18 0.5607 70.7464 0.4324
CD-Bonn 0.7190 41.3835 0.4487
N4LO (reg = 0.8fm) 0.5291 74.6957 0.4355
N4LO (reg = 0.9fm) 0.5774 66.2981 0.4366
N4LO (reg = 1.0fm) 0.6226 58.5707 0.4387
N4LO (reg = 1.1fm) 0.6684 50.8696 0.4417
N4LO (reg = 1.2fm) 0.7105 43.9030 0.4452
Table 3.1: Table of nonlocal parameters for different deuteron wavefunctions. Calculated using
βN = 0.967 fm and A = 40. βN values are those from the GR76 nonlocal parameter set [40].
component produce marginally shorter βd values that the pure s-state value.
The results for the Gaussian potential show similarity to the results for potentials which
have nonzero d-state probability. The Gaussian wavefunction has no d-state component but its
nonlocal parameters are unlike the other pure s-state N-N potential. If the higher E0 values, are
associated with sensitivity to high momentum components of the deuteron wavefunction, then
large values for the Gaussian potential can be explained. The k-space vertex function (figure
2.2) for the Gaussian is large up to k ≈ 5fm−1, which is unlike any other potential. Even
though the Gaussian lacks a d-state, it has large high k contributions from its s-state. This
gives uncharacteristically large parameters, adding further to the suggestion that the Gaussian
potential is not an adequate representation of the N-N interaction.
The parameters for the N4LO wavefunctions have been plotted as a function of regulator
with the AV18 and CD-Bonn parameters plotted for comparison. These, like the stripping
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parameters (figure 2.3), show regulator dependence but all lie between the AV18 and CD-Bonn
values. As the regulator shortens the parameters tend towards AV18. The shorter the regulator
distance the higher the momentum cutoff, so more high momentum components of the N-N
interaction are included. The shortest regulators produce the largest energy shifts and shortest
deuteron nonlocality ranges. Table 2.2 shows that the wavefunctions from chiral effective field
theory have the lowest d-state proportions in their vertex normalization PD, which decreases as
the regulator length decreases. PD for the AV18 wavefunction is significantly greater than the
N4LO (reg = 0.8fm) function. The N4LO nonlocal parameters tending towards AV18 as the
regulator decreases, suggest that it is not just the d-state proportion of these functions which
causes this trend. The trend is mostly caused by the sensitivity of this parameters to the high
momentum structure of both the s and d-state functions (figure 2.2).
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Figure 3.9: Nonlocal parameters plotted as a function of regulator distance for the wavefunc-
tions derived from chiral effective theory. The values for the AV18 and CD-Bonn wavefunctions
are shown for comparison.
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3.3.2 Potential calculations
The parameters discussed in the previous section can be used to find a local equivalent potential
via the solving of a transcendental equation:
ULEPdA (R) = M0UdA(R) exp
[
−µd
(
A+2
A+1
)2
β2d
2~2
(
E − ULEPdA (R)− Uc(R)
)]
(3.12)
The local equivalent potential, ULEPdA (R), is found from a local deuteron-target potential,
UdA(R). The local potential, UdA(R), is calculated using nucleon-target optical potentials which
use nonlocal parameters. UC(R) is the Coulomb potential. ULEPdA (R) has been found, using the
GR76 nonlocal optical model parameter set [40] to calculate UdA, for a 40Ca target at 10 MeV
for the different N-N models discussed. These can be seen in figure 3.10. The Hulthe´n (s+ d)
and the Gaussian N-N potentials have not been included due to their unphysical behavior (see
tables 2.2 and 3.1).
The local equivalent potentials show much greater variation with the choice of deuteron
wavefunction than the local Watanabe or adiabatic calculations (see figure 3.7). The local
equivalent potentials are sensitive to the differing high momentum components of these wave-
functions, the local potentials are not. Whereas previously the local potentials, found from
different deuteron wavefunctions, differed by ≈ 1%, the local equivalent potentials change by
≈ 21% from smallest to largest. The addition of the d-state component, which reduces the
moment M0, makes the potentials shallower. Much like the parameters shown in figure 3.9,
the potentials from the N4LO wavefunctions lie between those of AV18 and CD-Bonn. The
potentials with a regulator = 0.8 fm are shallower that AV18, but are almost identical to those
of the Reid potential.
3.3.3 Cross sections from local equivalent potentials
To study how the large effects seen in the local equivalent potentials translate to differential cross
sections, some of the potentials seen in figure 3.10 have been used in reaction calculations. Once
again, the 40Ca(d, p)41Ca reaction at 10 MeV to the f 7
2
ground state in 41Ca is studied. Three
potentials have been used to produce differential cross sections: the local adiabatic Hulthe´n
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Figure 3.10: Local equivalent potentials calculated for 40Ca+d using the energy independent
nonlocal optical model parameters GR76 [40]. The variation between the different deuteron
wavefunctions is clear. This is caused by the nucleon-nucleus nonlocality probing the higher
momentum components of the deuteron wavefunction. Here the lengths given in the key for
the N4LO wavefunctions are that of the regulator
pure s-state potentials (figure 3.7) and the Hulthe´n pure s-state and AV18 local equivalent
potentials seen in figure 3.10. By comparing the results of the two models using the Hulthe´n
wavefunction the effect of introducing nucleon-nucleus nonlocality can be studied. Comparing
to the results when using the AV18 wavefunction should show the effect of introducing the
deuteron d-state. These can be seen in figure 3.11.
All of the cross sections were found with the same local proton channel using the CH89
optical model parameter set [33]. By comparing the two calculations with the Hulthe´n wave-
function, the introduction of nucleon-nucleus nonlocality is seen to increase in the differential
cross section and a shift in the peak towards higher angles. The cross section from the local
equivalent potentials is ≈ 30% larger than the local model. The AV18 local equivalent poten-
tials produce a cross section that is larger still, ≈ 16% larger than the nonlocal Hulthe´n and ≈
51% greater that the local result. The lower panel shows the differential cross section divided
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Figure 3.11: Differential cross sections for 40Ca(d, p)41Ca reaction at 10MeV. Calculations using
Hulthe´n pure s-state wavefunction with adiabatic local potentials (red) and local equivalent po-
tentials (blue) compared with local equivalent potentials with the AV18 wavefunctions (green).
Comparing the Hulthe´n results shows that the introduction of nucleon-nucleus nonlocality in-
creases the cross section. The addition of a d-state increases the cross section once again. This
is shown to be greater than the shift caused by the differing D0 between the wavefunctions in
the lower panel
by D20. This is to remove the dependence on the value of D0 (which will change with the choice
of N-N potential, see table 2.2). The effects seen in the upper panel of figure 3.11 persist in
the lower panel. The differences between the cross section calculations in the lower panel are
quantitatively the same as those in the upper panel. The differential cross sections insensitivity
to the choice of D0 was also seen for local models (see figure 3.8) and in PWBA (see figure 3.6).
The results presented in this section demonstrate how large an impact nucleon-nucleus
nonlocality can have, and how the d-state magnifies this. From figures 3.10 and 3.11 their is
a clear motivation to produce an nonlocal adiabatic (d, p) model which includes the d-state.
Using such a model the d-states effect on nuclear observables can be evaluated.
Chapter 4
Nonlocal deuteron-target and
proton-target potential formalism
Now the form of an adiabatic deuteron-target potential including nucleon-nucleus nonlocality
and d-state components will be derived. This potential will be used to generate a nonlocal kernel
function for the calculation of distorted waves in the deuteron channel. The same procedure
will be outlined for the proton channel.
4.1 Deuteron Channel: Nonlocal adiabatic deuteron-target
potential with s and d-state components
The general expression for an adiabatic deuteron-target potential including nucleon-nucleus
nonlocality has been shown to be [75]:
UMdM ′ddA (R,R′) = 8
(
A+ 1
A+ 2
)3 ∫
drφMd
∗
1 (r)
[
VnA
(
r
2
−R′ − A
A+ 2
(R′ −R), r
2
−R
)
× φM ′d0
(
r− 2A
A+ 2
(R′ −R)
)
+ VpA
(
− r
2
−R′ − A
A+ 2
(R′ −R),−r
2
−R
)
× φM ′d0
(
r +
2A
A+ 2
(R′ −R)
)]
.
(4.1)
Here VnA and VpA are the nucleon-target interactions, r = rn − rp is the neutron-proton sep-
aration inside the deuteron and R is the deuteron-target center of mass separation (see figure
61
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1.1 for a pictorial representation). R′ being the nonlocal coordinate associated with R. In
this model the internal deuteron interaction, Vnp, is taken as being local. φ0 and φ1 are as
defined in equations 2.1 and 2.18 respectively. Before continuing with deriving this potential
some simplifications can be made, firstly taking the assumption that the target’s mass, A, is
infinite, which will give:
UMdM ′ddA (R,R′) = 8
∫
drφMd
∗
1 (r)
[
VnA
(
r
2
−R′ − (R′ −R), r
2
−R
)
× φM ′d0
(
r− 2(R′ −R))+ VpA(− r
2
−R′ − (R′ −R),−r
2
−R
)
× φM ′d0
(
r + 2(R′ −R))].
(4.2)
The sign of r differs between the proton and neutron terms. If r in the proton terms is replaced
with the new dummy variable −y they will become:
VpA
(
− r
2
−R′ − (R′ −R),−r
2
−R
)
→ VpA
(
y
2
−R′ − (R′ −R), y
2
−R
)
(4.3a)
φ
M ′d
0
(
r + 2(R′ −R))→ φM ′d0 (− y + 2(R′ −R)). (4.3b)
By comparing the coordinates of wavefunction between the proton term (equation 4.3b) and
neutron term (in equation 4.2) it can be seen that one is simply the negative of the other. As
the deuteron wavefunction has good spatial parity (even function) its value at a given point,
z, is equal to its value at the same point with opposite sign, −z. This will mean that the
wavefunction has the same coordinates for both the neutron and the proton. Replacing y with
r gives:
UMdM ′ddA (R,R′) = 8
∫
drφMd
∗
1 (r)
[
VnA
(
r
2
−R′ − (R′ −R), r
2
−R
)
+ VpA
(
r
2
−R′ − (R′ −R), r
2
−R
)]
φ
M ′d
0
(
r− 2(R′ −R)). (4.4)
The nonlocal neutron-target interactions,VnA and VpA, are taken to have the same form as the
nonlocal potentials used by Perey and Buck [39], shown in equations 1.18a and 1.18b. Using the
Perey-Buck interaction VnA and VpA, which become (As VnA and VpA share the same coordinates
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the result is the same for both):
VNA
(
r
2
−R′ − (R′ −R), r
2
−R
)
= H(2(R−R′))UNA
(
r
2
−R′
)
. (4.5)
Thus replacing VnA and VpA in the full expression will give the following for the deuteron-target
potential:
UMdM ′ddA (R,R′) = 8H(2(R−R′))
×
∫
drφMd
∗
1 (r)
[
UnA
(
r
2
−R′
)
+ UpA
(
r
2
−R′
)]
φ
M ′d
0
(
r− 2(R′ −R)). (4.6)
4.1.1 Coordinate transforms
To compare to previous results later, it will be convenient for the nonlocal nucleon-target form
factors UnA and UpA to depend not on the nonlocal deuteron-target center of mass coordinate
R′, but the local one R. Equation 4.6 needs to under go a coordinate transform in order to
achieve this. Beginning with the definition:
S = R−R′ −→ R′ = R− S, (4.7)
so that the functions which make up equation 4.6 will now become:
H(2(R−R′))→ H(2S), (4.8a)
UnA
(
r
2
−R′
)
→ UnA
(
r
2
−R + S
)
, (4.8b)
UpA
(
r
2
−R′
)
→ UpA
(
r
2
−R + S
)
, (4.8c)
φ
M ′d
0
(
r− 2(R′ −R))→ φM ′d0 (r + 2S). (4.8d)
φMd
∗
1 is unchanged by this transform. Defining the new coordinate x such that:
x =
r
2
+ S, (4.9)
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the functions can be written (H is unchanged in this transform):
UnA
(
r
2
−R + S
)
→ UnA
(
x−R), (4.10a)
UpA
(
r
2
−R + S
)
→ UpA
(
x−R), (4.10b)
φ
M ′d
0
(
r + 2S
)→ φM ′d0 (2x), (4.10c)
φMd
∗
1 (r)→ φMd
∗
1 (2x− 2S). (4.10d)
Now the nucleon-target form factors depend on the local coordinate R. All that remains to
complete the transform is to change the integral coordinate. From the definition of x it can be
seen that:
∂
∂r
2x = 1, (4.11a)∫
d(2x) =
∫
dr, (4.11b)
now equation 4.6 can be written:
UMdM ′ddA (R,S) = 8H(2S)
∫
d(2x)φMd
∗
1 (2x− 2S) [UnA(x−R) + UpA(x−R)]φM
′
d
0 (2x). (4.12)
4.1.2 Multipole expansions
To continue, the radial and angular components of equation 4.12 need to be separated. This
can be simply done for φ
M ′d
0 (see equation 2.1) but the functions which depend on the difference
of two vectors will be expanded as multipoles.
Nucleon-target form factors, UnA and UpA
The nucleon-target form factors will be expanded as follows (see Appendix C.1),
UdA
(
x−R) =UnA(x−R) + UpA(x−R) = 4pi∑
lλ
U˜l(x,R)Y
λ∗
l (xˆ)Y
λ
l (Rˆ), (4.13a)
U˜l(x,R) =
∫ 1
−1
[
UnA
(∣∣x−R∣∣)+ UpA(∣∣x−R∣∣)]Pl(cos θxR)d cos θxR. (4.13b)
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These will take the form of Woods-Saxon potentials (where N can represent either n or p),
which will contain real volume
Re [UNA (|x−R|)] = VR
1 + exp
[
|x−R|−RR
aR
] , (4.14)
and imaginary surface terms
Im [UNA (|x−R|)] = 4WI
1 + exp
[
|x−R|−RI
aI
] (1−{1 + exp [ |x−R| −RI
aI
]}−1)
. (4.15)
The parameters VR, RR, aR,WI , aI , RI take the values seen in table 4.1, these are those of
the GR76 nonlocal optical parameter set [40]. The form factor multipole coefficients, U˜l, are
plotted in figure 4.1. As l increases the functions peak away from the origin and they decrease
in magnitude.
Parameter VR (MeV) WI (MeV) aR/aI (fm) RR/RI (fm)
Value 88.6 23.3 0.57 1.25
Table 4.1: Table of GR76 nonlocal nucleon-target optical parameters [40].
Normalised deuteron vertex function, φ1
The vertex function, φ1, will be expanded using the multipole expansion in Appendix C.2.
Noting its form from equation 2.18, will give 1:
φMd
∗
1
(
2x− 2S) =√4pi ∑
ldλdσd
∑
k1q1k2q2
(ldλdsdσd|JdMd)χ†sdσd υ˜
(ld)
k1k2
(2x, 2S)
×
[
Yk1(xˆ)⊗ Yk2(Sˆ)
]∗
ldλd
,
υ˜
(ld)
k1k2
(2x, 2S) =
1
2Nv
∑
c+d=ld
e
(−1)k2
[
(2ld + 1)!
(2c)!(2d)!
] 1
2
(c0e0|k10)(d0e0|k20)
×W (k1eldd; ck2)eˆ2(2x)c(2S)d
×
∫ 1
−1
vld (|2x− 2S|)
|2x− 2S|(ld+1)
Pe(cos θxS) d(cos θxS).
(4.16)
1Here,
[
Ya(xˆ)⊗Yb(yˆ)
]
cγ
= (aαbβ|cγ)Yαa (xˆ)Yβb (yˆ) where a, b, c, α, β and γ are dummy momenta.
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Figure 4.1: Nonlocal deuteron form factors (equation 4.13a). The volume and surface terms
are plotted for l = 0, 1, 2 using the GR76 parameters set [40]. In all panels red shows a positive
region, blue a negative region and white a region where the function is zero. As l increases the
functions decreases in magnitude and is pushed away from the origin.
This is a complicated expression, but many terms will be zero. By studying the Racah coef-
ficient, W (k1eldd; ck2), it can be seen that the triangular condition |k1 − k2| 6 ld 6 |k1 + k2|
must be met if the function is to be nonzero [106]. This limits how many terms need to be
calculated. For the s-state component only the k1 = k2 terms are nonzero, these are plotted in
figure 4.2 for k1 = k2 = 0, 1, 2. The nonzero d-state terms occur when |k1− k2| 6 2 6 |k1 + k2|,
these are shown in figure 4.3 for the same range of k1, k2 values.
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Figure 4.2: Radial multipole coefficient of the normalised deuteron vertex function for the s-
state component. These were calculated using the AV18 wavefunction. Only the k1 = k2 are
nonzero for the s-state, the plots show k1 = k2 = 0, 1, 2 which were calculated using e = 0, 1, 2, 4.
4.1.3 Final expression for potential
Now by using the full form of the deuteron wavefunction from equation 2.1, equation 4.12 can
now be written:
UMdM ′ddA (R,S) = 8H(2S)(4pi)
3
2
∑
lλ
∑
ldλdσd
∑
k1q1k2q2
∑
l′dλ
′
dσ
′
d
(ldλdsdσd|JdMd)
× (l′dλ′dsdσ′d|JdM ′d)(k1q1k2q2|ldλd)χsdσ′dχ†sdσd
×
∫
d(2x)υ˜
(ld)
k1k2
(2x, 2S)Y
q∗1
k1
(xˆ)Y
q∗2
k2
(Sˆ)
× U˜l(x,R)Yλ∗l (xˆ)Yλl (Rˆ)
ul′d(2x)
2x
Y
λ′d
l′d
(xˆ).
(4.17)
By following the manipulation of angular and angular momentum components seen in Appendix
B.2 it can be shown that:
UdA(R,S) = 4pi
∑
lk2
∑
aα
(−1)a−αT Jda−ανalk2(R, S)
[
Yl(Rˆ)⊗ Yk2(Sˆ)
]
aα
, (4.18)
where (n.b. cˆ =
√
2c+ 1 where c is a dummy variable)
νalk2(R, S) = 8H(2S)
∑
ldl
′
dk1
lˆ′dkˆ1lˆJˆd(l0k10|l′d0)W (al′dk2k1; ldl)W (aldJdsd; l′dJd)
×
∫ ∞
0
d(2x) (2x) υ˜
(ld)
k1k2
(2x, 2S) U˜l(x,R)ul′d(2x).
(4.19)
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Figure 4.3: Radial multipole coefficient of the normalised deuteron vertex function for the d-
state component. These were calculated using the AV18 wavefunction. Only the |k1 − k2| 6
2 6 |k1 + k2| are nonzero for the d-state, the plots show k1, k2 = 0, 1, 2 which were calculated
using e = 0, 1, 2, 4.
Here ul′d is the radial component of the deuteron wavefunction φ
Md
0 (r), υ˜
(ld)
k1k2
is the multipole
coefficient of the expansion of the normalised vertex function φMd1 . The multipole U˜l is that of
the deuteron-target nonlocal form factor. H is a Gaussian containing the nucleon nonlocality
range βN (see equation 1.18b) and T is a spin tensor operating in Jd space. Due to the triangular
relations of the Racah coefficient W (aldJdsd; l
′
dJd) the momenta a can only take the values 0, 2.
When a = 0 the spin tensor T is rank 0 and the potential is central and when a = 2, T is rank
2 and the potential is tensor.
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4.2 Deuteron Channel: Distorted waves from the non-
local potential
The distorted waves, χ(+)Md (R, r), from the nonlocal deuteron-target potential are found as a
solution to a Schro¨dinger-like equation:
(TR + Uc(R)− Ed)χ(+)Md (R, r) = −
∫
dR′ UdA(R,S) χ(+)Md (R′, r), (4.20)
here TR a kinetic energy operator acting on the coordinate R, Uc the Coulomb potential between
the deuteron and the target and Ed is as defined in equation 1.51. By expanding UdA(R,S) as
in equation 4.18 and χ(+)Md (R, r) as
χ(+)Md (R, r) =
∑
M ′d
χ(+)M ′dMd(R) φ
M ′d
0 (r), (4.21)
it can be shown that:
∑
M ′d
(TR + Uc(R)− Ed)χ(+)M ′dMd(R) φ
M ′d
0 (r) =
− 4pi
∑
M ′′d aα
k2l
(−1)a−αT Jda−α
∫
dR′ νalk2(R, S)
[
Yl(Rˆ)⊗ Yk2(Sˆ)
]
aα
χ(+)M ′′dMd(R
′)φM
′′
d
0 (r).
(4.22)
4.2.1 Removing r dependence
In order to remove the dependence on r, both sides of equation 4.22 will be times by φM˜d∗0 (r)
and integrated with respect to r. This will give:
LHS :
∫
drφM˜d∗0 (r)φ
M ′d
0 (r) = δM˜dM ′d
,
RHS :
∫
drφM˜d∗0 (r)T Jda−αφM
′′
d
0 (r) = (JdM
′′
d a− α|JdM˜d)〈φ0‖T Jda ‖φ0〉,
= aˆ(JdM
′′
d a− α|JdM˜d),
(4.23)
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now equation 4.22 has become:
(TR + Uc(R)− Ed)χ(+)M˜dMd(R) =
− 4pi
∑
M ′′d
aα
lk2
(−1)a−αaˆ(JdM ′′d a− α|JdM˜d)
∫
dR′νalk2(R, S)
[
Yl(Rˆ)⊗ Yk2(Sˆ)
]
aα
×χ(+)M ′′dMd(R
′).
(4.24)
4.2.2 Partial wave expansion and K dependence
Using the form given by Goddard [107], χ(+)(R) is expanded into partial waves such that
χ(+)
M˜dMd
(R) =
∑
JM
LΛ
L′Λ′
4pi
RK
iL(L′Λ′JdM˜d|JM)(LΛJdMd|JM) χJL′L(R,K) YΛ
′
L′(Rˆ) Y
Λ∗
L (Kˆ), (4.25)
with
χJL′L(R,K) = e
−iωL′MJL′L [GL′(KR) + iFL′(KR)] + δL′Le
iωLFL(KR). (4.26)
Here J is the total angular momentum of each partial wave and L,L′ are the orbital angular
momenta of the incoming and outgoing waves. K is the momentum of the incident deuteron.
GL′(KR), FL′(KR) are the irregular and regular Coulomb functions and ωL′ = σL′ − σ0 is the
relative Coulomb phase shift. With MJL′L being related to the T-matrix by
T JL′L = e
−i(ωL′+ωL)MJL′L. (4.27)
The T-matrix is a matrix element of the transition operator between initial and final scattering
states.
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Using this expansion equation 4.24 can now be written:
∑
JM
∑
LΛ
L′Λ′
(T
(L′)
R + Uc(R)− Ed)
iL
R
(L′Λ′JdM˜d|JM)(LΛJdMd|JM)
×χJL′L(R)YΛ
′
L′(Rˆ)Y
Λ∗
L (Kˆ) =
− 4pi
∑
M ′′d
aα
∑
lλ
k2q2
∑
J ′M ′
L′′Λ′′
L′′′Λ′′′
(−1)a−αiL′′ aˆ(JdM ′′d a− α|JdM˜d)(L′′′Λ′′′JdM ′′d |J ′M ′)(L′′Λ′′JdMd|J ′M ′)
(lλk2q2|aα)Yλl (Rˆ)
∫
dR′
1
R′
νalk2(R, S)χ
J
L′′′L′′(R
′)YΛ
′′′
L′′′(Rˆ
′
) YΛ
′′∗
L′′ (Kˆ)Y
q2
k2
(Sˆ).
(4.28)
In a similar manner as with the r-dependence, the K-dependence will be removed by taking
the product of both sides with YΛ˜
L˜
(Kˆ) and integrating over Kˆ. So that:
LHS :
∫
dKˆYΛ˜
L˜
(Kˆ)YΛ∗L (Kˆ) = δLL˜δΛΛ˜,
RHS :
∫
dKˆYΛ˜
L˜
(Kˆ)YΛ
′′∗
L′′ (Kˆ) = δL′′L˜δΛ′′Λ˜.
(4.29)
The resulting delta functions will alter the coupling in (L′′Λ′′JdMd|J ′M ′), a Clebsch-Gordon
coefficient on the right hand side of equation 4.28. By comparison to the left hand side it can
be seen that L˜Λ˜ and JdMd couple to JM and J
′M ′. This implies that JM = J ′M ′. With the
new coupling in place equation 4.28 will become:
∑
JM
L′Λ′
(T
(L′)
R + Uc(R)− Ed)
1
R
(L′Λ′JdM˜d|JM)(L˜Λ˜JdMd|JM)χJL′L˜(R)YΛ
′
L′(Rˆ) =
− 4pi
∑
M ′′d
aα
∑
lλ
k2q2
∑
JM
L′′′Λ′′′
(−1)a−αaˆ(JdM ′′d a− α|JdM˜d)(L′′′Λ′′′JdM ′′d |JM)
(L˜Λ˜JdMd|JM)(lλk2q2|aα)Yλl (Rˆ)
∫
dR′
1
R′
νalk2(R, S) χ
J
L′′′L˜(R
′)YΛ
′′′
L′′′(Rˆ
′
)Yq2k2(Sˆ).
(4.30)
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4.2.3 Dealing with the S-dependence and the angular components
of R and R′
Before the derivation can continue the dependence of S will need to be accounted for. S has
dependence on both the directions of R and R′,
S = R−R′, (4.31a)
S2 = R2 +R′2 − 2RR′ cos(θRR′). (4.31b)
The components which have S-dependence on the right hand side of equation 4.30 will be
expanded as multipoles, using the following form (see appendix C.2)
νalk2(R, S)Y
q2
k2
(Sˆ) =
√
4pi
∑
g1γ1
g2γ2
(g1γ1g2γ2|k2q2)ν˜(alk2)g1g2 (R,R′)Yγ1g1(Rˆ)Yγ2g2(Rˆ
′
), (4.32)
with
ν˜(alk2)g1g2 (R,R
′) =
1
2
∑
p1+p2=k2
h
(−1)g2hˆ2
[
(2k2 + 1)!
(2p1)!(2p2)!
] 1
2
(p10h0|g10)(p20h0|g20)
W (g1hk2p2; p1g2)R
p1R′p2
∫ 1
−1
νalk2 (|R−R′|)
|R−R′|k2
Ph(µ) dµ.
(4.33)
Where µ = cos θRR′ . After this, any dependence on S has been removed, so the angular
components of R and R′ can be safely integrated over. The right hand side of equation 4.30
can now be written,
RHS :− 4pi
√
4pi
∑
M ′′d
aα
∑
lλ
k2q2
∑
JM
L′′′Λ′′′
∑
g1γ1
g2γ2
(−1)a−αaˆ(g1γ1g2γ2|k2q2)(JdM ′′d a− α|JdM˜d)
(L′′′Λ′′′JdM ′′d |JM)(L˜Λ˜JdMd|JM)(lλk2q2|aα)Yγ1g1(Rˆ)Yλl (Rˆ)∫
dR′
1
R′
ν˜(alk2)g1g2 (R,R
′)χJL′′′L˜(R
′)YΛ
′′′
L′′′(Rˆ
′
)Yγ2g2(Rˆ
′
).
(4.34)
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The integrals over the angles of R and R′ can be done in any order. Choosing to start with
Rˆ
′
, the result will be:
∫
dRˆ
′
YΛ
′′′
L′′′(Rˆ
′
)Yγ2g2(Rˆ
′
) = (−1)Λ′′′δL′′′g2δ−Λ′′′γ2 . (4.35)
Before integrating over Rˆ, both sides will be times by YΛ2∗L2 (Rˆ). So the effect on each side of
the equation will be:
LHS :
∫
dRˆYΛ2∗L2 (Rˆ)Y
Λ′
L′(Rˆ) = δL2L′δΛ2Λ′ ,
RHS :
∫
dRˆYΛ2∗L2 (Rˆ)Y
γ1
g1
(Rˆ)Yλl (Rˆ) =
lˆgˆ1√
4piLˆ2
(l0g10|L20)(lλg1γ1|L2λ2).
(4.36)
Once this has been done, the full equation will read:
∑
JM
(T
(L2)
R + Uc(R)− Ed)(L2Λ2JdM˜d|JM)(L˜Λ˜JdMd|JM)χJL2L˜(R) =
− 4pi
∑
M ′′d
aα
∑
lλ
k2q2
∑
JM
L′′′Λ′′′
g1γ1
(−1)a−α+Λ′′′ aˆlˆgˆ1
Lˆ2
(l0g10|l20)(lλg1γ1|L2Λ2)(g1γ1L′′′ − Λ′′′|k2q2)
(JdM
′′
d a− α|JdM˜d)(L′′′Λ′′′JdM ′′d |JM)(L˜Λ˜JdMd|JM)(lλk2q2|aα)
R
∫
dR′
1
R′
ν˜(alk2)g1g2 (R,R
′)χJL′′′L˜(R
′).
(4.37)
Now no angular components remain, so now the angular momentum algebra can be addressed.
This is done in appendix B.3.
4.2.4 Final Expression
Once all of the angular momentum algebra has been completed, including the full form of
ν˜
(alk2)
g1g2 (R,R
′) (equation 4.33), redefining the following symbols (to clean up the notation):
L2 → L′, L˜→ L, J˜ → J, L′′′ → L′′,
p1 → τ, p2 → η, g1 → B, h→ L.
(4.38)
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The final expression can be written
(T
(L′)
R + Uc(R)− Ed)χJL′L(R) +R
∑
L′′
∫ ∞
0
dR′R′ VJL′L′′(R,R′)χJL′′L(R′) = 0, (4.39)
with
VJL′L′′(R,R′) = 2pi
∑
alk2
∑
LB
τ+η=k2
Lˆ2Bˆaˆ2lˆkˆ2Jˆd
[
(2k2 + 1)!
(2τ)!(2η)!
] 1
2
(τ0L0|B0)(η0L0|L′′0)
(l0B0|L′0)W (BLk2η; τL′′)W (L′′Bal; k2L′)W (L′aJJd;L′′Jd)RτR′η∫ 1
−1
νalk2 (R, |R−R′|)
|R−R′|k2
PL(µ) dµ.
(4.40)
a=0 terms
When a = 0 equation 4.40 is entirely central, and can be written:
VJL′δL′L′′(R,R′) = 2pi
∑
l
∑
LB
τ+η=l
Lˆ2Bˆlˆ
Lˆ′
2
[
(2l + 1)!
(2τ)!(2η)!
] 1
2
(τ0L0|B0)(η0L0|L′0)
(l0B0|L′0)W (BLlη; τL′)RτR′η∫ 1
−1
ν0ll (R, |R−R′|)
|R−R′|l
PL(µ) dµ.
(4.41)
Where
 ld = 0
νld=00ll (R, |R−R′|) =
8H(2 |R−R′|)
∫ ∞
0
d(2x) (2x)υ˜
(0)
ll (2x, 2 |R−R′|)U˜l(x,R)u0(2x).
(4.42)
 ld = 2
νld=20ll (R, |R−R′|) =
8H(2 |R−R′|)
∑
k1
kˆ1√
5
(l0k10|20)
∫ ∞
0
d(2x) (2x)υ˜
(2)
k1l
(2x, 2 |R−R′|)U˜l(x,R)u2(2x).
(4.43)
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4.3 Proton Channel: Distorted waves and potentials
The nonlocal distorted waves, χmp(Rp), for an incident proton at energy, Ep, are found from
an inhomogeneous Schro¨dinger equation:
(TRp + Uc(Rp)− Ep)χmp(Rp) = −
∫
dR′pUp(A+1)(Rp,R′p)χmp(R′p). (4.44)
Rp is the coordinate between the proton and the A+ 1 systems center of mass, with R
′
p being
its nonlocal coordinate. Up(A+1) is the proton channel nonlocal potential. This will simply have
the from the Perey-Buck nonlocal interaction (see equations 1.18a and 1.18b).
Up(A+1)(Rp,R′p) = H(|Rp −R′p|)Up(A+1)
( |Rp + R′p|
2
)
. (4.45)
Equation 4.45 undergoes a multipole expansion, of the form seen in appendix C.1. Separating
the radial and angular components thusly:
Up(A+1)(Rp,R′p) =
∑
Pρ
V(p)L (Rp, R′p)YρP(Rˆp)Yρ
∗
P (Rˆ
′
p). (4.46)
with
V(p)L (Rp, R′p) =2pi
∫ 1
−1
H(|Rp −R′p|)Up(A+1)
( |Rp + R′p|
2
)
PL(cos θRpR′p)d(cos θRpR′p).
(4.47)
The proton distorted waves can be expanded into partial waves such that:
χmp(Rp) =
∑
JMLΛ
4piiL
RpKp
(LΛjpmp|JM)χJL(Rp)YΛL(Rˆp)YL
∗
Λ (Kˆp), (4.48)
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Substituting this and the result of the multipole expansion (equation 4.45) in equation 4.44 will
give:
∑
JMLΛ
4piiL
RpKp
(LΛjpmp|JM)(T (L)Rp + Uc(Rp)− Ep)χ
J
L(Rp)Y
Λ
L(Rˆp) Y
L∗
Λ (Kˆp) =
−
∑
J ′M ′L′Λ′
∑
Pρ
4piiL
′
Kp
(L′Λ′jpmp|J ′M ′)
∫
dR′p
R′p
V(p)L (Rp, R′p)χJ
′
L′(R
′
p)
YΛL(Rˆ
′
p) Y
L∗
Λ (Kˆp)Y
ρ
P(Rˆp)Y
ρ∗
P (Rˆ
′
p).
(4.49)
Once the angular momentum has been summed over and the angular components integrated
over (see appendix B.4) the final equation for the proton channel distorted wave is:
(T
(L)
Rp
+ Uc(Rp)− Ep)χJL(Rp) = −
∫
dR′pV(p)L (Rp, R′p)χJL(R′p). (4.50)
.
Chapter 5
The lowest order limit
As a first step towards full calculations, only the leading order contributions to equations 4.39
and 4.50 will be considered. Doing so will be referred to in this work as the lowest order limit.
This is analogous to an approximation used in earlier work on nonlocal adiabatic deuteron-target
potentials by Timofeyuk and Johnson [75]. The approximation is as follows. The coordinate, x
(in equation 4.19), is related to the internal deuteron center of mass coordinate r (see equation
4.9 and figure 1.1). Due to the presence of the short range internal deuteron potential Vnp, the
range over which r is required is small. Therefore contributions from x to the nucleon-target
form factors, UNA, should also be small. As such, it can be approximated that the nucleon-
target potential form factors only depended on the deuteron-target center of mass coordinate,
R, such that:
UNA(x−R) ≈ UNA(R). (5.1)
If a similar approximation is made with nucleon-target potentials within the local adiabatic
model, the Johnson-Soper potential [64] is found. By taking this approximation the results
can be compared to those obtained by Timofeyuk and Johnson, as a test of the validity of the
potentials derived and any numerical techniques used.
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5.1 Reduction to lowest order
5.1.1 Reduction of the potential UdA to lowest order
In the lowest order, the nonlocal form factor, U˜l, does not have any dependence on x, and
does not need to undergo the expansion seen in equation 4.13a (appendix C.1). Meaning l, the
angular momentum associated with the expansion, will become zero and its sum will collapse:
U˜l(x,R)→ U˜0(R)δl0 = UnA(R) + UpA(R). (5.2)
So the angular components in equation 4.18 will become,
[
Yl(Rˆ)⊗ Yk2(Sˆ)
]
aα
=
∑
q2
(00k2q2|aα)Y00(Rˆ)Yq2k2(Sˆ) =
1√
4pi
δak2Y
α
a (Sˆ). (5.3)
The angular momentum factors within equation 4.19 will also reduce:
(l0k10|l′d0)→(00k10|l′d0) = δk1l′d , (5.4a)
W (al′dk2k1; ldl)→W (al′dk2k1; ld0)→ W (ak2l′dk1; 0ld) =
(−1)a+l′d−ld
aˆlˆ′d
δak2δl′dk1 . (5.4b)
This will remove the sums over k1, k2 completely, which will limit the forms υ˜ can take. As
the momenta on which υ˜ depends (ld, l
′
d, a here) can only take values of 0, 2 any terms where
k1, k2 = 1 seen in the previous chapter (figures 4.2 and 4.3) do not occur. As U˜0(R) no longer
depends on x it can be taken outside the integral. So within the lowest order approximation
equations 4.18 and 4.19 are:
U (LO)dA (R,S) =
√
4pi
∑
aα
(−1)a−ατJda−αU˜0(R) νa(S)Yαa (Sˆ), (5.5)
and
νa(S) = 8H(2S)
∑
ldl
′
d
Jˆdlˆ′d
aˆ
W (aldJdsd; l
′
dJd)
∫ ∞
0
d(2x) 2x υ˜
(ld)
l′da
(2x, 2S) ul′d(2x). (5.6)
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ν now only depends on the momentum a so the l = 0 and k2 = a labels have been omitted.
This potential reduces correctly within the local limit, as can be seen in appendix E.1. By
studying the angular momentum structure of equation 5.6, some closed form expressions for
νa(S) can be derived.
 a = 0, central
ν0(S) = 8H(2S)
∫ ∞
0
d(2x) (2x)
[
υ˜
(0)
00 (2x, 2S)u0(2x) + υ˜
(2)
20 (2x, 2S)u2(2x)
]
, (5.7)
 a = 2, tensor
ν2(S) = 8H(2S)
∫ ∞
0
d(2x) (2x)
[
1
5
υ˜
(2)
02 (2x, 2S)u0(2x)
+
1√
5
υ˜
(0)
22 (2x, 2S)u2(2x) +
√
7
10
υ˜
(2)
22 (2x, 2S)u2(2x)
]
.
(5.8)
It should also be noted that if the deuteron is constructed from the Hulthe´n s-state wavefunction
[90], the integral in equation 5.6 has an analytic solution. Which has the form:
νps0 (S) = 8H(2S)
2
(
κe−α(2S) − κe−κ(2S)
)
2S(κ− α)2 −
κ+ α
(κ− α)e−κ(2S)
 , (5.9)
values for the constants α and κ can be seen in table 2.1. Comparisons of the results of equations
5.6 and 5.9 can be seen in figure 5.1. We can see that the analytic solution agrees with the
full calculation of equation 5.6 when using the Hulthe´n s-state. Here results using the AV18
[98] wavefunction are shown as well. The AV18 a = 0 term is shorter range than the Hulthe´n
pure s-state, due to the differing structure of the AV18 s-state and the addition of its d-state
component. The d-state also creates a non zero a = 2 term, which is much smaller in magnitude
than the a = 0 component (see inlay of figure 5.1).
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Figure 5.1: Comparisons of νa calculated with different wavefunctions for a nonlocality range
of βN = 0.967fm as derived from [40]. The full calculation of equation 5.6 agrees with the
analytic form for equation 5.9 when the Hulthe´n s-state is used. Comparing the Hulthe´n with
the AV18 results shows that the latter is shorter range in S. The introduction of the d-state
gives rise to some very small, but non-zero, tensor components (a = 2 terms)
5.1.2 Reduction of kernel function V to Lowest order
If the lowest order approximation (l → 0 and U˜l(x,R) → U˜0(R)) is taken then the nonlocal
kernel function, equation 4.40, will reduce to a new expression. Firstly one of the Racah
coefficients will reduce as so:
W (L′′Bal; k2L′)→ W (L′′Ba0; k2L′) = δak2δL′B
aˆLˆ′
. (5.10)
Also a Clebsch-Gordan coefficient will collapse,
(l0B0|L′0)→ (00B0|L′0) = δBL′ . (5.11)
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This is in agreement with the result of the Racah coefficients reduction. So equation 4.40 has
become:
VJL′L′′(R,R′) = 2pi
∑
a
∑
L
τ+η=a
Lˆ2aˆ2Jˆd
[
(2a+ 1)!
(2τ)!(2η)!
] 1
2
(τ0L0|L′0)(η0L0|L′′0)
W (L′Laη; τL′′)W (L′′L′JdJd; aJ)RτR′ηU˜0(R)∫ 1
−1
νa (|R−R′|)
|R−R′|a PL(µ) dµ.
(5.12)
νa has the same form as shown in equation 5.6.
a=0 terms
Starting from equation 4.41 and taking l → 0 will significantly simplify the expression for
the central component of the kernel function. Starting with the reduction of the Racah and
Clebsch-Gordan coefficients:
W (BLlη; τL′)→ W (BLlη; τL′)→ δL′BδτηBˆτˆ Bˆτˆ , (5.13a)
(l0B0|L′0)→ (00B0|L′0)→ δBL′ . (5.13b)
The sum τ + η = 0 will mean that τ = η = 0, so even further reductions can take place:
(τ0L0|B0)→ (00L0|B0)→ δLB, (5.14a)
(η0L0|L′0)→ (00L0|L′0)→ δLL′ , (5.14b)[
(2l + 1)!
(2τ)!(2η)!
] 1
2
→
[
1!
0!0!
] 1
2
→ 1, (5.14c)
RτR′η → R0R′0 → 1. (5.14d)
Now the a = 0 term of the lowest order kernel has the form:
VJL′L′′(R,R′)δL′L′′ = VJL′(R,R′) = 2piU˜0(R)
∫ 1
−1
ν0 (|R−R′|)PL′(µ) dµ. (5.15)
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The same result is reached if the limit a→ 0 is taken on equation 5.12. Equation 5.15 can be
seen to reduce correctly in the local limit in appendix E.2.
5.2 a = 0: Central terms only
To perform reaction calculations equation 4.40 needs to be solved making use of the lowest
order kernel of equation 5.12. In order to make comparisons to the work of Timofeyuk and
Johnson, and as a simplified model to test numerical techniques, equation 4.39 will be solved
for only central (so L = L′) a = 0 terms initially. So equation 4.39 will become:
(T
(L)
R + Uc(R)− Ed)χL(R) +R
∫ ∞
0
dR′R′ VL(R,R′)χL(R′) = 0. (5.16)
The form of VL is the same as in equation 5.15, which has removed L′′ and J entirely. Here,
the second term in equation 5.16 will be referred to as the source term of this inhomogeneous
differential equation. It will be convenient at this stage to redefine the form of the distorted
waves. If the distorted waves are replaced by their product with a Coulomb phase, e−iωL ,
equation 4.26 will become:
e−iωLχL(R) = TL [GL(KR) + iFL(KR)] + FL(KR). (5.17)
With the distorted waves in this form the solutions from equation 5.16 will not contain Coulomb
phase factors (e−iωL). TL is the T-matrix defined earlier (see equation 4.27). The inhomogeneous
equation 5.16 will be need to written in a form convenient for solving numerically. To do this,
a suitable local potential will be added to both sides and used to generate a trial solution,
which will become the first step in an iterative procedure. Under this regime equation 5.16 will
become:
(T
(L)
R + Vinit(R)− Ed)χL(R) = Vinit(R)χL(R)−R
∫ ∞
0
dR′R′ VL(R,R′)χL(R′). (5.18)
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Here Vinit(R) is the suitable local potential, parameterized as in equation 1.16a plus the Cou-
lomb potential. So the the equation which undergoes iterations can be written,
[
d2
dR2
−
(
L(L+ 1)
R2
+
2µ
~2
Vinit(R)−K2
)]
χ(n+1)L (R) =
2µ
~2
[
R
∫ ∞
0
VL(R,R′)χ(n)L (R′)R′dR′ − Vinit(R)χ
(n)
L (R)
]
.
(5.19)
where µ is the reduced mass of the system, n is the iteration number and the wave vector K is
defined as:
K2 =
2µEd
~2
. (5.20)
This system was iterated until the distorted waves, χL(R) had converged. It was found that
iterating 20 to 30 times would produce converged wavefunctions for all partial waves. Details of
the method and solver used in finding the solutions to equation 5.19 can be found in appendix
D.
The wavefunctions, χL(R), can also be used to calculate the scattering (S-)matrix. The
S-matrix can be thought of as the phase shift for out going scattered waves. It is calculated
from the asymptotic behavior of χL(R) and therefore a probe of this behavior. The S-matrix
is defined as:
SL = 2iTL + 1. (5.21)
Where TL is the T-matrix (see equation 4.27). It is worth noting that all reaction calculations
presented in this chapter will use a Woods-Saxon (see equation 1.16b) neutron bound state
potential parametrized with radius r = 1.25fm, diffuseness a = 0.65fm and Vso = 6 MeV, where
Vso is the depth of the spin-orbit potential. The depth of the bound state potential is found to
reproduce the empirical separation energy of the transfered neutron.
5.2.1 Pure s-state deuteron
The previous work of Timofeyuk and Johnson used the Hulthe´n s-state wavefunction to repres-
ent the deuteron. To compare to their results, the calculations presented in this section have
been performed with the same wavefunction (see equation 2.3).
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Effective local potentials
The approach of Timofeyuk and Johnson was to derive an equation (see equation 1.55) that
could be solved for local equivalent potentials, which are then used to calculate differential
cross sections. This work’s approach is to solve the nonlocal problem for the deuteron channel
distorted waves, bypassing the need to find a local equivalent deuteron-target potential, which
can then also be used to find differential cross sections. To compare directly to the previous
work some form of effective local potential will need to be derived from the source term (right
hand side) of equation 5.19.
Performing the integral of the source term produces a function which is dependent on R but
with dimensions of the product of energy and length. Dividing the expression by the appropriate
converged (nmax) wavefunction should remove the dependence on length and leave an expression
with the same dimensions (energy) and dependences (R) as a local deuteron-target potential.
As such the effective local potential (ELP) will be defined:
U
(L)
ELP (R) =
R
∫∞
0
dR′R′ VL(R,R′)χ(nmax)L (R′)
χ(nmax)L (R)
. (5.22)
Given that this potential, UELP (R), is found from functions that are dependent on the orbital
angular momentum of the partial wave, L, it will have some dependence on L. If the result
truly is an accurate local representation of the deuteron-target potential, then they should
only weakly depend on L. In order to evaluate the ELP’s partial wave dependence they were
calculated for a number of differing values of L and then compared to the LEP’s calculated from
the framework of Timofeyuk-Johnson (see section 3.3). These were performed using the GR76
nonlocal optical model parameter set [40] in the nonlocal form factors, UNA for a deuteron
incident on a 40Ca target at 11.8 MeV.
Figure 5.2 demonstrates the weak L-dependence of the effective local potentials defined in
equation 5.22. The depth of the real volume potentials differ by only 1.4% over the range of
L presented. The ELPs also agree favorably with the LEPs of Timofeyuk and Johnson, the
depths of the real volume term only differ by 0.05% to the L = 10 ELP and 1.45% to the
L = 0 ELP. A small difference such as this should not produce any significant changes in the
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Figure 5.2: Comparison to the local equivalent potential of Timofeyuk-Johnson [75] (red) to
the effective local potentials (ELP) derived from this work. The effective local potentials are
plotted for the partial waves L = 0, 1, 2, 5, 10. The ELP’s show very weak L dependence and
the same behaviour as the potentials found by previous authors. These were performed using
the GR76 nonlocal optical model parameter set [40] for a deuteron incident on a 40Ca target
at 11.8 MeV.
differential cross sections. For decreasing values of βN the ELP’s also reduce to the local limit,
this can be seen in appendix E.3.
Deuteron channel distorted waves and S-matrices
The two methods, this works and that of Timofeyuk-Johnson, can also be compared at the
wavefunction level. This compares the solution to equation 5.19 with the wavefunctions pro-
duced when the Timofeyuk-Johnson LEP’s are read into the reaction code TWOFNR [105].
TWOFNR will used to calculate differential cross sections throughout this work (details found
in appendix F). Figure 5.3 compares the absolute deuteron channel L = 0 distorted waves
found from equation 5.19 and those derived from the Timofeyuk-Johnson LEP’s. The two cal-
culations produce very similar wavefunctions with only minor differences, they differ by 0.4%
at the peak (R ≈ 7fm). The S-matrix elements can be used to compare the agreement between
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Figure 5.3: Comparison of absolute L = 0 deuteron channel distorted waves from the
Timofeyuk-Johnson LEP’s and the solution to equation 5.19. The results show good agree-
ment with each other, suggesting very similar differential cross sections would be produced by
these functions. These were performed using the GR76 nonlocal optical model parameter set
[40] for a deuteron incident on a 40Ca target at 11.8 MeV.
this works (Bailey) distorted waves and those calculated form in the Timofeyuk-Johnson ap-
proach, across all partial waves. These can be seen in figure 5.4. This figure demonstrates that
the agreement between the Bailey and Timofeyuk-Johnson deuteron distorted waves, shown in
figure 5.3, continues across all partial waves.
Differential cross sections
The wavefunctions from equation 5.19 are read into TWOFNR, which, in turn, uses them to
calculate differential cross sections. These, along with cross sections found from the Timofeyuk-
Johnson potentials can be seen in figure 5.5.
The cross sections shown in figure 5.5 are for the 40Ca(d, p)41Ca reaction at 11.8 MeV. This
calculation populates the J = 7
2
ground state of 41Ca and uses the GR76 nonlocal optical
model parameter set [40]. The calculated cross sections are compared with data taken from
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Figure 5.4: S-matrix elements for 15 partial waves. The two approaches produce almost
identical S-matrix elements. These were found using the GR76 nonlocal optical model para-
meter set [40] for a deuteron incident on a 40Ca target at 11.8 MeV.
[108]. The nonlocality of the proton channel is ignored in these calculations and the local CH89
[33] optical model potentials are used, these nucleon-target potentials are very commonly used
for reaction calculations. The two approaches shown, this work (Bailey) and that of Timofeyuk
and Johnson, give results which are very close to one another. There is a 0.36% difference at
the peak. This result along with the other figures presented in this section (figures 5.2 and 5.3)
show that, within the lowest order limit, the formalism shown in Chapter 4 agrees with that
used in previous work with a pure s-state deuteron.
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Figure 5.5: Differential cross section for the 40Ca(d, p)41Ca reaction at 11.8 MeV using the GR76
nonlocal optical model parameter set [40]. Calculations from this works approach (Bailey) and
those of Timofeyuk-Johnson produce cross sections which only differ by small amounts. Data
taken from [108]. Plots shown with a spectroscopic factor S = 1.
5.2.2 s+d-state deuteron
The a = 0 term of the nonlocal kernel function contains contributions from both s and d-
states, this is clearly seen in the closed form expression in equation 5.7. This section will repeat
the calculations performed for the pure s-state case, but using the AV18 wavefunction, which
includes s and d state components. While the work of Timofeyuk and Johnson only focused
on a pure s-state deuteron, it was shown in section 3.3 that the d-state can be incorporated in
the same framework, via its inclusion in calculating the moment M0 (see equation 3.9). The
resulting LEP’s for the AV18 wavefunction will be used to compare to the results found from
solving equation 5.19.
Effective local potentials
Firstly the effective local potentials can be seen in figure 5.6. The introduction of the more
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Figure 5.6: Comparison to the local equivalent potential of Timofeyuk-Johnson [75] to the
effective local potentials (ELP) derived from this work. The effective local potentials are plotted
for the partial wave L = 5. The large shift of the potentials between AV18 and Hulthe´n
is caused by the addition of the d-state component. These were performed using the GR76
nonlocal optical model parameter set [40] for a deuteron incident on a 40Ca target at 11.8 MeV.
realistic s-state and the d-state component has caused the potential to become much shallower.
The potential calculated with the AV18 wavefunctions is ≈ 22% shallower than that calculated
using the Hulthe´n s-state wavefunction. The calculations using the approach of Timofeyuk and
Johnson (using the AV18 parameters seen in table 3.1) agree very well with the results from
equation 5.22. The AV18 s + d potential from this work is 0.2% deeper than the Timofeyuk-
Johnson result. This shows that including the d-state in the calculation of the moment M0
sufficiently accounts for its effects on central potentials, within the LEP framework.
As discussed in the introductory chapter, Timofeyuk and Johnson interpreted the reduction
in depth of the local equivalent potentials, when compared to local deuteron-target, potentials
as influence of high relative n-p momentum components inside the deuteron. The AV18 calcu-
lations suggest that a more realistic model for the s-state component and the presence of the
deuteron d-state causes increased sensitivity to the high n-p momentum components (see figure
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2.2). The ≈ 22% difference between the AV18 and Hulthe´n potentials should give a significant
change in the calculated differential cross sections.
Deuteron channel distorted waves and S-matrices
As was done with the pure s-state, the deuteron channel L = 0 distorted wavefunctions form this
work framework are compared to those from Timofeyuk-Johnson. These seen in figure 5.7. The
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Figure 5.7: Deuteron channel L = 0 distorted waves for a deuteron incident on a 40Ca target at
11.8 MeV. The AV18 distorted waves are larger than the Hulthen waves. The calculations from
the Timofeyuk-Johnson framework agree well with those from this work. These were found
using the GR76 nonlocal optical model parameter set [40] for a deuteron incident on a 40Ca
target at 11.8 MeV.
calculations using the LEP’s from Timofeyuk-Johnson framework show very good agreement
with this work’s AV18 distorted waves. The AV18 wavefunction increases the magnitude of
the distorted waves at all R when compared to the Hulthen calculations. The AV18 waves are
also slightly out of phase with the Hulthe´n waves. The behavior across all partial waves can
be evaluated by studying the S-matrix elements. The results for the S-matrix using the AV18
wavefunction from this work’s and Timofeyuk-Johnson approach, as well as the results for the
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Hulthe´n s-state wavefunction are shown in figure 5.8. Whether calculations are performed using
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Figure 5.8: S-matrix elements for 15 partial waves. The two approaches, this works (AV18 s+d)
and Timofeyuk-Johnson, show almost identical S-matrix elements. These were found using the
GR76 nonlocal optical model parameter set [40] for a deuteron incident on a 40Ca target at
11.8 MeV.
this work’s framework or that at Timofeyuk-Johnson’s the S-matrix elements calculated with
the AV18 wavefunction are almost identical.
By studying the rightmost panel in figure 5.8, the absolute S-matrices, some differences
between the AV18 and Hulthe´n distorted waves can be discerned. For the L = 0 waves,
seen in figure 5.7, the AV18 calculations produced absolute waves of greater magnitude than
the Hulthe´n results. As would be expected, the AV18 L = 0 absolute S-matrix element is
greater than the equivalent Hulthe´n element, but this is not true for all L. The absolute S-
matrices in 5.8 show that the AV18 absolute deuteron channel distorted waves only have greater
magnitudes that the Hulthe´n pure s waves for even L. When L is odd the pure s waves have
greater magnitude than the AV18 waves. Differences, such as this, will manifest in the resultant
differential cross section.
Differential cross sections
The AV18 distorted waves, found as a solution to equation 5.19, have been read into the
reaction code TWOFNR, to calculate differential cross sections. The same has been done for
the Timofeyuk-Johnson LEP’s so the two approaches can once again be compared but this time
at the cross section level. No nonlocality was included in the proton channel (i.e. using the
local CH89 optical model potentials [33] as before).
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Figure 5.9: Differential cross section for the 40Ca(d, p)41Ca reaction at 11.8 MeV using the GR76
nonlocal optical model parameter set [40]. Calculations using the AV18 wavefunction and those
of Timofeyuk-Johnson produce almost identical cross sections. These show an increase over the
Hulthe´n cross sections. Data taken from [108] with a spectroscopic factor S = 1.
Figure 5.9 shows differential cross sections for the 40Ca(d, p)41Ca reaction at 11.8 MeV. The
AV18 s + d-state structure has increased the cross section when compared to Hulthe´n pure
s-state calculations. The peak of the AV18 cross section is 9.95% greater than the pure s-
state cross section. This suggests that cross sections which include the d-state within nonlocal
adiabatic (d, p) reaction theory will produce lower spectroscopic factors (see equation 1.34).
The Timofeyuk-Johnson results show the same behavior as the AV18 calculations, the two
differential cross sections differ by 1.9% at their peak.
5.3 Proton channel effects
The cross section calculations in the previous section did not include any nonlocal effects arising
from the proton channel. To include the proton channel nonlocality explicitly, distorted waves
which are the solution to equation 4.50 need to be used in the calculation of the transition
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amplitude. Equation 4.50 has been solved in a similar manner to equation 5.19, using an
iterative Runge-Kutta routine. The proton distorted waves have been read into TWOFNR,
alongside the deuteron waves, and differential cross sections computed. This has been done
for the example studied in this chapter (40Ca(d, p)41Ca reaction at 11.8 MeV using the GR76
nonlocal optical model parameter set) for both Hulthe´n s-state and AV18 deuteron channels.
Of course, using a different optical model potential in the proton channel will produce
different calculated differential cross sections. As the nucleon-nucleus optical model potentials
are designed to reproduce nucleon elastic scattering, most of the differences between the GR76
and CH89 potentials should arise because of the nonlocality present in the GR76 calculations.
It is more consistent to use the same optical model potentials in both the entrance and exit
channels. Doing so ensures that the proton-target interaction is consistent throughout the
reaction calculation. The calculated cross sections are shown in figure 5.10. The introduction of
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Figure 5.10: Differential cross section for the 40Ca(d, p)41Ca reaction at 11.8 MeV using the
GR76 nonlocal optical model parameter set [40]. Data taken from [108]. Plots shown with s
spectroscopic factor S = 1. Including the nonlocality of the proton channel decreases the cross
sections of both the the AV18 and Hulthe´n s-state calculations.
the full proton channel nonlocal calculation decreases the differential cross sections regardless of
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which N-N potential is used. As was mentioned in the introduction, proton channel nonlocality
lowering the differential cross section is to be expected [73]. The AV18 calculations are 4.5%
lower and the Hulthe´n s-state results are 14.8% lower at their respective peaks. The AV18
calculations which include the proton channel nonlocality are now 20.7% greater than the
equivalent pure s-state calculations. The proton channel has a much greater effect on the pure
s-state cross sections. This may be because the high momentum components included in the
AV18 results are dominating effects arising from the proton channel nonlocality. These are not
present in the Hulthe´n calculation, so the proton channel nonlocal effects are more prevalent.
The results presented in figure 5.10 may not be representative of nonlocal proton effects in
(d, p) reactions. The solution to equation 4.50 is the exact nonlocal proton channel when using
the Perey-Buck nonlocality, but the lowest order deuteron channel is only the leading order
terms. This slight inconsistency may be giving the nonlocal proton channel greater influence
on the differential cross section than if full calculations in the deuteron channel were used.
5.4 a = 0 + 2: Central and tensor terms
As was shown in equation 4.19, the presence of the d-state gives rise to tensor (a = 2) terms
in the deuteron-target potential. Equation 5.8 shows that these persist within the lowest order
limit. The framework used by Timofeyuk and Johnson does not allow the calculation of a
tensor component without significant extension, as such, no further comparisons to that work
can be made. For calculations with the tensor component to be performed, the a = 2 terms
need to be induced in equation 5.19, such that it becomes:
[
d2
dR2
−
(
L(L+ 1)
R2
+
2µ
~2
Vinit(R)−K2
)]
χJ(n+1)L′L (R) =
2µ
~2
[
R
∑
L′′
∫ ∞
0
dR′R′
{
VJL′(R,R′)δL′L′′︸ ︷︷ ︸
diagonal
+VJL′L′′(R,R′)︸ ︷︷ ︸
Off-diagonal
}
χJ(n)L′′L (R
′)
− Vinit(R)χJ(n)L′L (R)
]
.
(5.23)
Where n is the iteration counter and K is as defined in equation 5.20. Unlike the calculations
for the a = 0 case this set of coupled equations is dependent on J not just L. This will change
5.4. a = 0 + 2: Central and tensor terms 95
ref L L′ diagonal/off-diagonal 〈JL′|TR|JL′′〉
i J − 1 J − 1 diagonal − J−1
3(2J+1)
ii J + 1 J − 1 off-diagonal
√
J(J+1)
2J+1
iii J J diagonal 1
3
iv J − 1 J + 1 off-diagonal
√
J(J+1)
2J+1
v J + 1 J + 1 diagonal − J+2
3(2J+1)
Table 5.1: Possible L,L′ couplings for a given J and the matrix elements for the TR operator.
the definition of the distorted waves given in equation 5.17 to:
e−iωLχJL′L(R) = T
J
L′L [GL(KR) + iFL(KR)] + δL′LFL(KR), (5.24)
It was shown in [80] for a spin-1 particle the coupling between J, L, L′ gives rise to five possible
values for L,L′ for a given J . These can be seen in the first two columns of table 5.1. It
should be noted here that if equation 5.23 were solved for a pure s-state deuteron, then only
the diagonal (a = 0, couplings i,iii,v) terms would exist and the results should be the same as
those found in the previous sections.
Effective local potentials
Effective local potentials, which include a a = 2 contribution can be defined in much the same
manner as with the a = 0 terms, see equation 5.22, but with a small modification to account
for the tensor couplings. The a = 2 kernel function (labeled off-diagonal in equation 5.23)
contributes the tensor component of the effective local potential. For spin-1 projectiles, such
as the deuteron, it has be shown [80] that there are 3 acceptable forms for the tensor operator
used in the potentials calculation: the coupling between the spin and the coordinate tensors
for the position, R, the momentum, p and the orbital angular momentum, L. These have the
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forms:
TR =(s ·R)2 − 2
3
, (5.25a)
Tp =(s · p)2 − 2
3
p2, (5.25b)
TL =(s · L)2 + 1
2
L · s− 2
3
L2. (5.25c)
Here s is the projectile spin. The TL form does not produce off-diagonal elements and therefore
cannot be part of this framework, as the tensor component arises from off diagonal terms. In
local models for deuteron interacting with a target nucleus, the TR form the tensor force arises
from the formalism of the optical model potential [27, 80]. For this reason, the effective local
potentials will assume the TR form for the tensor operator.
So, effective local potentials will be constructed with the form:
UELP (R) = VC(R) + 〈JL′|TR|JL′′〉V T (R), (5.26)
here VC is the central component and V
T is the tensor component. The matrix elements
〈JL′|TR|JL′′〉 will depend on the coupling in place, these are shown in the final column of table
5.1. So with the ELP being now defined as:
U
(ref,J)
ELP (R) =
R
∑
L′′
∫ ∞
0
dR′R′
[
VL(R,R′)δL′L′′ + VJL′L′′(R,R′)
]
χJ(nmax)L′′L (R
′)
χJ(nmax)L′L (R)
. (5.27)
As with the results of equation 5.22, the dependence of UELP on the partial wave (here defined
by J , which was defined by L in equation 5.22) will be suppressed. This is because, like the
central UELP ’s shown in figure 5.2, the dependence upon it is weak. By using the different
coupling combinations central and tensor effective local potentials can be defined as:
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 couplings i and iii
VC(R) =
U
(i)
ELP (R) +
J−1
2J+1
U
(iii)
ELP (R)
1 + J−1
2J+1
, (5.28a)
V T (R) =
3
1 + J−1
2J+1
[
U
(iii)
ELP (R) + U
(i)
ELP (R)
]
, (5.28b)
 couplings v and iii
VC(R) =
U
(v)
ELP (R) +
J+2
2J+1
U
(iii)
ELP (R)
1 + J+2
2J+1
, (5.29a)
V T (R) =
3
1 + J+2
2J+1
[
U
(iii)
ELP (R) + U
(v)
ELP (R)
]
, (5.29b)
 couplings i and v
VC(R) =
1
3
[
(J + 2)U
(i)
ELP (R)− (J − 1)U (v)ELP (R)
]
, (5.30a)
V T (R) = (2J + 1)
[
U
(i)
ELP (R)− U (v)ELP (R)
]
. (5.30b)
These different forms should all produce the same potentials as the components VC and V
T
should be the same for all cases, if equation 5.26 is valid. Using the same example as was
used for the a = 0 terms, 40Ca+d at 11.8 MeV, equation 5.23 has been solved for the deuteron
channel distorted waves. The central and tensor potentials have been calculated for each of
the expressions given. This can be seen in figure 5.11. The effective local tensor potentials
show no agreement between the different formulations, based on which coupling is used (see
equations 5.28b, 5.29b and 5.30b). The assumption that the tensor force in this nonlocal
model has the same form which appears in local models, that of a TR force, was false. As the
tensor terms arise from off diagonal components, the effective local potentials of the nonlocal
models tensor force will need to be constructed as some combination of TR and Tp forces. This
failed approximation has no influence on the off diagonal wavefunctions calculated when solving
equation 5.23. The model dependence of these tensor effective local potentials is a consequence
of their construction, not of the a = 2 terms in the kernel function. The central, VC , terms
shown in figure 5.11 show good agreement, with only 0.13% and 2.0% differences in the real
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Figure 5.11: Effective local potentials with central and tensor components. It can be seen
that the central components (top panels) show good agreement between different tensor coup-
lings but the tensor terms do not. These were found using the GR76 nonlocal optical model
parameter set [40] for a AV18 deuteron incident on a 40Ca target at 11.8 MeV.
and imaginary parts respectively.
Differential cross sections
The deuteron channel distorted waves found as solutions to equation 5.23 have been read into
the reaction code TWOFNR [105]. The version used can calculate differential cross section
when tensor couplings from a spin-1 projectile are present (see appendix F). By comparing
these results to calculations performed without the tensor terms included, the effects of the
off diagonal terms in the kernel function can be evaluated. Such differential cross sections can
be seen in the top panel of figure 5.12. The addition of the tensor components has had very
little effect on the differential cross section. On the scale shown it is impossible to distinguish
between the purely central calculations and those which include tensor terms. The bottom
panel of figure 5.12 shows the difference between the central only cross sections and those of
calculation which include the central and tensor terms. The difference is 3 orders of magnitude
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Figure 5.12: Differential cross section for the 40Ca(d, p)41Ca reaction at 11.8 MeV using the
GR76 nonlocal optical model parameter set [40]. Here the spectroscopic factor S = 1. The
addition of tensor terms in the nonlocal kernel has a very small effect on the differential cross
section. The lower panel is in units micro-barns per steradian, the difference between the central
only and central+tensor cross sections is 3 orders of magnitude smaller than the cross sections
themselves.
smaller than the cross sections themselves. When the difference between these two calculations
is at its maximum, the cross sections differ by only 0.04%.
This outcome can be explained if figure 5.1 is studied once again. This shows, νa, the
component of the nonlocal potential which contains the functions which describe the deuteron
structure. In this plot, the a = 2 term is significantly smaller than the a = 0 term, from
which it would be fair to expect what was seen in the differential cross sections (figure 5.12).
The tensor contribution is small. From the results in figures 5.1 and 5.12 it is clear that the
dominant d-state contribution to differential cross sections, from a nonlocal adiabatic potential
within the lowest order limit, arises from the central component of said potential. To fully
quantify the d-state effects within the nonlocal adiabatic potential the approximation, made to
reach the lowest order limit (equation 5.1), needs to be undone and full calculations performed.
Chapter 6
Beyond the lowest order
This chapter will outline calculations using the full form of equations 4.19 and 4.40 when
calculating the deuteron channel distorted waves. These results will be referred to as beyond
lowest order (or BLO). The nonlocality of the proton channel will also be included. The BLO
results will be compared to the lowest order results of the previous chapter, quantifying the
effects of including the additional terms. Calculations using the different N-N models introduced
in Chapter 2 will also be presented. These study how the changes seen in the wavefunctions
(equation 2.1, figure 2.1) and vertex functions (equation 1.53, figure 2.2) manifest themselves
in full nonlocal calculations.
6.1 Beyond lowest order deuteron-target potential
The BLO deuteron-target potential has the form (repeated from equations 4.18 and 4.19):
UdA(R,S) = 4pi
∑
lk2
∑
aα
(−1)a−αT Jda−ανalk2(R, S)
[
Yl(Rˆ)⊗ Yk2(Sˆ)
]
aα
, (6.1)
where
νalk2(R, S) = 8H(2S)
∑
ldl
′
dk1
lˆ′dkˆ1lˆJˆd(l0k10|l′d0)W (al′dk2k1; ldl)W (aldJdsd; l′dJd)
×
∫ ∞
0
d(2x) (2x) υ˜
(ld)
k1k2
(2x, 2S) U˜l(x,R)ul′d(2x).
(6.2)
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Unlike the lowest order approach of the previous chapter (equation 5.2), the nonlocal potential
form factor, U˜l(x,R), now depends on the angular momentum l and both coordinates x and R.
To assess the impact of the new dependence on l, and x, the integrand of equation 6.2 has been
plotted as a function of x for different values of l, in figures 6.1 and 6.2. These calculations were
performed using the AV18 deuteron wavefunction and a 40Ca target using the GR76 nonlocal
optical model parameters [40]. R and S were taken as constant values. The values used were
R = 4 fm, this will be in the nuclear surface region, and S = 0.1 fm, this is close to the region
where R → R′ (equation 4.7) due to the nucleon nonlocality range βN ∼ 1 fm. Figure 6.1
shows the results for the a = 0 integrand. The integrand plotted is short range in x, due to the
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Figure 6.1: Plot of the a = 0 integrand of equation 6.2 for l = 0, 1, 2. The integrand is short
range due to the presence of Vnp (see equation 1.53). The l = 0 terms clearly give the largest
contribution. The higher l terms will have the greatest effects at higher x so should change the
long range behavior of the resulting potential. These calculations used a 40Ca target and the
GR76 nonlocal optical model parameters with R = 4 fm and S = 0.1 fm.
short range of the neutron-proton interaction Vnp, which is included via υ˜ (see equations 1.53
and 4.16). The l = 0 terms are largest, and, at their deepest the real l = 1 component is ≈ 3%
of the l = 0 term. This is expected if the lowest order approximation, used in the previous
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chapter, was truly a method of taking the leading order contributions to the potential. The
short range in x and dominant l = 0 terms retrospectively justify the lowest order limit. The
higher l terms are significantly smaller in magnitude than those for l = 0 for low x, but are
comparable when x ≈ 1.5 fm. These terms could change the range and surface behavior of the
resulting potentials, rather than there depth.
The a = 2 integrands can be seen in figure 6.2. Much like the a = 0 integrands (figure
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Figure 6.2: Plot of the a = 2 integrand of equation 6.2 for l = 0, 1, 2. The integrand is short
range due to the presence of Vnp (see equation 1.53). Unlike the central piece (figure 6.1) the
higher l components show contributions compatible to the l = 0 term. These calculations used
a 40Ca target and the GR76 nonlocal optical model parameters with R = 4 fm and S = 0.1 fm.
6.1) the l = 0 term is dominant, but unlike the a = 0 terms the contributions from higher l
components are of a comparable size. At the peaks of the real part the l = 0 and l = 1 terms
only differ by ≈ 46%, this is significantly closer than the equivalent central terms (figure 6.1).
It should also be noted that in this example (the real l = 0 and l = 1 terms), the peaks occur
at different x, so each of the terms will contribute differently to the resulting potential. The
more comparable magnitudes seen with the a = 2 integrand (figure 6.2) suggest that the x and
l dependence of the potentials will have greater influence on the a = 2 terms. The imaginary
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l = 2 has a larger magnitude than the imaginary l = 1 term. This is true for both the a = 0
and a = 2 calculations. This is most likely a consequence of the R and S values chosen for
this study, where the l = 1 imaginary terms are smaller than the l = 2 terms. The absolute
magnitude the l = 1 terms is larger than the l = 2 terms, but the behavior in figures 6.1 and
6.2 suggests different radial dependence, which should make both terms contribution to the
resulting potential important.
6.2 Comparison to Lowest order
To fully quantify the effects of moving beyond the lowest order limit direct comparisons must
be made. Therefore, the results shown in the previous chapter will be repeated in the BLO
framework. Comparisons will be made for the 40Ca(d, p)41Ca reaction at 11.8 MeV to the
J = 7
2
ground state of 41Ca, using the GR76 nonlocal optical model parameter set [40]. These
calculations, and all others, use a Woods-Saxon neutron bound state potential parametrized by
r = 1.25 fm, a = 0.65 fm and Vso = 6 MeV, where Vso is the depth of the spin-orbit potential.
Once again, equation 5.23 (in general) will be solved for the deuteron channel distorted waves,
but making use of the full kernel function of equation 4.40. The nonlocality of the proton
channel will be included in the same manner as in the previous chapter (a solution to equation
4.50), as no approximations were made in its construction.
6.2.1 Central terms only: a = 0
First, only the central (a = 0) component of the BLO deuteron-target potential will be con-
sidered. The numerical calculations are performed using the same tools as the lowest order
results: using the inhomogeneous equation solver to find the distorted waves (see appendix D)
which are read into the reaction code TWOFNR to compute the differential cross sections (see
appendix F).
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Effective local potentials
Before the cross sections were calculated, equation 5.22 was used to find the effective local
potentials. These can be seen in figure 6.3. The left hand panels of figure 6.3 show the
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Figure 6.3: Effective local potentials, defined by equation 5.22, calculated using the beyond
lowest order nonlocal kernel function for the 40Ca(d, p)41Ca reaction at 11.8 MeV, using the
GR76 nonlocal optical model parameter set [40]. The left hand panels show the contributions
from the differing l terms to the effective local potentials. These were found using the AV18
wavefunction and show that up to l = 2 is required for the main contributions to be included.
The right hand panels show comparisons to the lowest order effective local potentials (figure
5.6). The potentials from beyond lowest order calculations show changes in diffuseness and
range rather than depth.
successive contribution to the effective local potentials, from the addition l terms which appear
in the BLO potential function, ν0lk2(R, S). These were calculated using the AV18 wavefunction.
The addition of the l = 1 terms causes greater changes in the potentials than the subsequent
addition of the l = 2 terms. These have the greatest effect on the imaginary surface term where
the l = 1 contribution deepens the potential by 15%, whereas the l = 2 terms only change the
potential by 0.1%. This demonstrates that only the l = 0, 1, 2 terms are required to include
the dominant contributions to the BLO potential.
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Wavefunction
BLO LO
〈RV 〉1/2 (fm) 〈RS〉1/2 (fm) 〈RV 〉1/2 (fm) 〈RS〉1/2 (fm)
AV18 3.9389 4.8093 3.8586 4.7486
Hulthe´n 3.9185 4.7777 3.8991 4.8050
Table 6.1: RMS radii of the effective local potentials, seen in the right hand panels of figure
6.3.
A comparison to the lowest order (LO) results of figure 5.6 is shown in the right hand
panels of figure 6.3, for both the AV18 and Hulthe´n (pure s-state) wavefunctions. The imaginary
components of the BLO potentials are slightly shallower than the LO equivalents at the deepest
point (R ≈ 4.25 fm). The BLO imaginary terms also show different behavior as R → 0, than
the LO surface potentials. For both wavefunctions presented, the LO surface potentials tend
towards zero at R ≈ 1.5 fm whereas the BLO results do so near R ≈ 0.5 fm. The major
variation between LO and BLO calculations in the real volume terms occurs in the nuclear
surface region (2.5 fm / R / 4.5 fm). Here the BLO results are shallower by 6.1% for the
AV18 wavefunction and 8.0% for Hulthe´n. These subtle differences should have an effect on
calculated differential cross sections and could lead to a significant departure from what from
the results using LO potentials (figure 5.9).
The BLO and LO results can also be compared via the root mean squared (rms) radii of
there potentials. The effective local potentials rms radius is defined as the ratio of volume
integrals (as defined in [109, 110]):
〈Rγ〉1/2 =
[∫∞
0
ULEP (R)R
2dR∫∞
0
ULEP (R)dR
] 1
2
, (6.3)
this is calculated separately for the real volume (γ → V ) and imaginary surface (γ → S) parts
of the effective local potential. The results of equation 6.3 for the potentials shown in the right
hand panels of figure 6.3 can be seen in table 6.1. The results in table 6.1 show that moving
away from lowest order affects the calculations from different wavefunctions differently. For the
AV18 wavefunction moving from LO to BLO increases the rms radii of the real and imaginary
parts, by 2.04% for the real volume terms and 1.26% for the imaginary surface terms. The
Hulthe´n real volume potentials shown an 0.5% increase when moving to BLO, the imaginary
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surface terms rms radii decrease by 0.6%. The larger changes seen with the AV18 wavefunction
suggest that larger changes would be seen between LO and BLO differential cross sections, than
the equivalent from the Hulthe´n wavefunction. Despite their obvious differences (see figure 6.3)
the rms radii of the BLO effective local potentials are fairly similar for each wavefunction.
Differential cross sections
Differential cross sections, using the Hulthe´n s-state and AV18 deuteron wavefunctions, for the
40Ca(d, p)41Ca reaction, can be seen in figure 6.4. The cross sections calculated with the BLO
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Figure 6.4: Differential cross sections calculated using the beyond lowest order (BLO) nonlocal
kernel function for 40Ca(d, p)41Ca reaction at 11.8 MeV, using the GR76 nonlocal optical model
parameter set [40]. These are compared to those found using the lowest order (LO) approx-
imation shown in Chapter 5. Moving away from the lowest order limit reduces the differential
cross sections. All of the results shown use a spectroscopic factor S = 1.
potentials are smaller than the LO results. The AV18 cross section has reduced by 12.0% and
the Hulthen s-state cross section by 8.6%. This reduction in the cross section arises because
of the changes to the behavior of the deuteron-target potentials in the surface region. As was
predicted by the rms radius (see table 6.1), the BLO AV18 cross section has changed more
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than the Hulthe´n results. Shown in the top right panel of figure 6.3, the real volume terms for
the BLO potentials are less attractive around the nuclear surface than the LO results. This
will give greater influence to the imaginary component of the potentials in this region. The
imaginary parts of the potentials are more diffuse towards the interior (R / 4.5). Reactions
sensitive to this region could lose more flux to inelastic channels. This will lower the reaction
probability and the differential cross section.
Even with these effects, which tend to lower the differential cross sections (regardless of
which wavefunctions are used), the use of a more realistic deuteron wavefunction, from an
N-N model which contains repulsive short range behavior and produces a d-state component,
increases the differential cross section. The results in figure 6.4 are consistent with what was
seen in previous chapters (see figures 3.11 and 5.9). In the example studied here, the AV18
cross section is 16.9% larger than the Hulthe´n result. This increase would lead to a reduction
in deduced spectroscopic factors (see equation 1.34). To see if the same effects are seen for
other targets, or if the increase in cross section is sensitive to the target system, other systems
have been studied. The target nuclei investigated are : 14C, 18F and 26Al. The (d, p) reactions
on these nuclei all have astrophysical significance, as was discussed in the introduction. Cross
sections for these targets can be seen in figure 6.5, where the incident energies and transfered
neutron states were chosen to match those of available data.
The AV18 cross section is greater than that for the Hulthe´n wavefunction at the peak for
two of the three reactions studied, and, in the case of 14C, the AV18 cross section dominates
at larger angles. For each of the reactions studied the peak difference, from Hulthe´n to AV18,
is: 41% increase for 18F, 2% increase for 26Al and a 18% decrease for 14C. These changes in
the cross section do not show obvious trends with target mass or incident deuteron energy. As
the deuteron-target potential makes use of the Perey-Buck nonlocality (see equations 1.18a)
which is energy independent, any dependence of the cross sections on incident deuteron energy
should be weak. What the results in figures 6.4 and 6.5 do show is that, within a nonlocal
adiabatic framework, the choice of N-N potential used to construct the deuteron can have a
significant effect on calculated observables. The changes in the differential cross sections arise
from sensitivity of the deuteron-target potentials to the short range behavior of the deuteron
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Figure 6.5: Differential cross sections calculated using the beyond lowest order nonlocal kernel
function for (d, p) reactions on 14C, 18F and 26Al, using the GR76 nonlocal optical model
parameter set [40]. Ex is the excitation energy of the final state. The AV18 cross section are
greater than those using the Hulthe´n wavefunction in two of the three cases studied. The data
is taken from [22, 24, 111]. All of the results shown use a spectroscopic factor S = 1.
bound state wavefunction, and, as such, the vertex function (see figure 2.2).
6.2.2 Proton channel effects and distorted waves
The calculations presented in this chapter have included the nonlocality of the proton channel
via a solution to equation 4.50. It was seen in the previous chapter that introducing the implicit
nonlocality of the proton channel can have significant effects on differential cross sections (figure
5.10). It was suggested, in the previous chapter (section 5.3) that some of the large effects seen
(14% reduction when using the Hulthe´n s-state wavefunction) could have been caused by the
difference in approximation between the deuteron and proton channels; the deuteron channel
used the lowest order approximation and the proton channel included no approximations. To
investigate this, calculations have been repeated but using the BLO deuteron-target potential.
The same test case has been used (40Ca(d, p)41Ca reaction at 11.8 MeV, using the GR76 nonlocal
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optical model parameter set [40]). Cross sections calculated with the solutions to equation 4.50
in the proton channel (those labeled BLO in figure 6.4), and calculations using local CH89
optical model potentials are compared in figure 6.6.
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Figure 6.6: Differential cross sections calculated using the beyond lowest order nonlocal ker-
nel function for 40Ca(d, p)41Ca reaction at 11.8 MeV using the GR76 nonlocal optical model
parameter set [40]. Including the nonlocality of the proton channel, via the solutions to equa-
tion 4.50 has a very small effect on the differential cross sections calculated using the AV18
wavefunction, but still has a sizable effect on the calculations using the Hulthe´n wavefunction.
The differential cross sections calculated using the AV18 wavefunction show only small
changes between calculations which use local or nonlocal proton channel potentials. Figure
6.6 shows only a 1.7% change at the peak, compared to the 4.5% seen in lowest order (figure
5.10). For the Hulthe´n calculations in figure 6.6, the cross section is reduced by 13.2% by the
inclusion of the proton channel nucleon-nucleus nonlocality. This is smaller that the 14.8% seen
in the LO limit (figure 5.10). The proton channel nonlocality has less of an effect when BLO
potentials are used in the deuteron channel. This effect can be explained by comparing the LO
and BLO deuteron channel wavefunctions, these can be seen in figure 6.7. The BLO deuteron
channel wavefunctions are reduced in the nuclear interior region when compared to the lowest
110 6.2. Comparison to Lowest order
 0.1
 0.3
 0.5
 0.7
AV18|χ L
=0
 
(R
)|
Beyond lowest order
Lowest order
 0.1
 0.3
 0.5
 0.7
0 5 10 15 20
Hulthen|χ L
=0
 
(R
)|
R (fm)
Beyond lowest order
Lowest order
 0.1
 0.3
 0.5
 0.7
0 5 10 15 20
Proton|χ L
=0
 
(R
p)|
Rp (fm)
Nonlocal - GR76
Figure 6.7: Deuteron and proton L = 0 distorted waves for the 40Ca(d, p)41Ca reaction at 11.8
MeV using the GR76 nonlocal optical model parameter set [40]. The BLO deuteron channel
wavefunctions are reduced in the nuclear interior, reducing the impact of the proton channel
nonlocality.
order results. The nonlocality reduces the contribution from the nuclear interior, and moving
from LO to BLO adds to this effect regardless of the choice of deuteron wavefunction. This
clearly acts to weaken effects arising from the proton channel nonlocality.
The addition of the proton channel nonlocality has a greater effect on the Hulthe´n calcu-
lations than those that use the AV18 wavefunctions. This is likely a result of the different
structure of the AV18 deuteron wavefunction. Its momentum space behavior and d-state con-
tribution, changing the resulting deuteron channel distorted waves (figure 6.7), so that effects
from the proton channel nonlocality are reduced. Calculations with the Hulthe´n wavefunction,
with its simple momentum structure (see figure 2.2), are more sensitive to the additional effects
brought in from the proton channel. Hence, a greater effect on differential cross sections is seen.
This is clear from the wavefunctions presented in figure 6.7, the BLO Hulthe´n deuteron chan-
nel wavefunctions are approximately half the magnitude of the AV18 function. This increases
sensitivity to the proton channel effects in calculations which use the Hulthe´n wavefunctions.
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6.2.3 Central and Tensor: a = 0 + 2
In the lowest order results, shown in the previous chapter, it was found that the a = 2 tensor
component of the nonlocal deuteron-target potentials had a negligible effect on differential cross
sections (figure 5.12). As was shown in figure 6.2, the a = 2 terms of the BLO potential have
a stronger dependence on higher l contributions than the a = 0 terms. This could mean that
the tensor terms may have larger effects than were seen in the LO limit.
It was demonstrated in the previous chapter (section 5.4) that the tensor force in the
deuteron-target potential of this work does not have the TR form traditionally seen in local
models. Due to not yet having evaluated the exact form of the effective tensor force present
in the nonlocal adiabatic deuteron-target potential, effective local tensor potentials can not
be found. This is because the correct matrix elements of the tensor force are not known
(see section 5.4 in the previous chapter for details). Nevertheless, the tensor terms can be
computed exactly and comparisons to the lowest order results will be made at the cross section
level. Figure 6.8 shows the differential cross section for 40Ca(d, p)41Ca reaction at 11.8 MeV
comparing BLO results which include a = 2 terms and the LO equivalent. Introducing the
BLO tensor component has very little effect on the differential cross section. In the top panel
of figure 6.8, the two cross sections calculated in the BLO framework are only distinguishable
at the peak, on the scale shown. Here the tensor terms have caused a 0.5% decrease in the
cross section, when compared to the purely central, a = 0 result (figure 6.4). This means that
the BLO cross section, found from a deuteron-target potentials with tensor terms, is 12.7%
smaller than its LO counterpart. This is a / 1% change from the difference seen between the
BLO and LO cross sections when no tensor component is included (see figure 6.4). The lower
panel shows the difference between the cross sections with and without the tensor terms. It
can be seen that the full, BLO tensor terms have a greater effect than the LO terms. The
change in the LO cross section of 8 mb/srad is increased to a change of order ≈ 50µb/srads
in BLO. This change is significantly smaller than the errors on experimental data. Given the
extra computational effort required to calculate the tensor terms, the little effect they have on
the differential cross section, they will be ignored from future calculations during this work.
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Figure 6.8: Differential cross sections calculated using the beyond lowest order nonlocal kernel
function for 40Ca(d, p)41Ca reaction at 11.8 MeV, using the GR76 nonlocal optical model para-
meter set [40]. Including the tensor components of the nonlocal deuteron target potential has a
very small effect on the calculated cross section. The lower panel shows the difference between
the cross sections with and without the tensor terms. The a = 2 component shows much more
influence beyond the lowest order (see figure 5.12), but its effects are still small.
6.3 Effects of N-N model choices
As was discussed in Chapter 2, the choice of N-N potential used to construct the deuteron
leads to different high momentum behavior of both its s and d-state components (see figure
2.2). In the last section of Chapter 3 it was shown, via the framework of Timofeyuk-Johnson,
that nucleon-nucleus nonlocality can produce sensitivity to the high momentum components of
the deuteron wavefunctions in reaction calculations. These same effects have been seen in the
limit in which this work is equivalent to the Timofeyuk-Johnson approach (see Chapter 5), and,
in this chapter, are seen to persist when this works formalism is used in its entirety. The choice
of N-N model will now be investigated in these, most complete, full reaction calculations using
the N-N models discussed in Chapter 2. The Hulthe´n wavefunction will be used to describe the
case of an pure s-state deuteron. These calculations will include the nucleon-nucleus nonlocality
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in both the deuteron and proton channels and a Woods-Saxon neutron bound state potential
parametrized by r = 1.25 fm, a = 0.65 fm and Vso = 6 MeV. The reaction studied will be the
26Al(d, p)27Al at an incident energy of 12 MeV, of significance for studying the destruction of
26Al in Wolf-Rayet stars. This has been recently studied [24] experimentally and the data have
been made available for this work [112]. As this work has shown them to have very little effect
on calculated differential cross sections, the a = 2 terms will not be included in the calculations
(see figure 6.8). All calculations in this section use the GR76 nonlocal optical model parameter
set [40] in the form factors U˜l(x,R).
6.3.1 Effective local potentials
The effect of the different N-N models will be compared by the effective local potentials they
produce (as defined by equation 5.22). These can be used to assess the effects that will be seen
in the resulting differential cross sections. The effective local potentials are shown in figure 6.9.
The (Hulthe´n) deuteron s-state potentials are deeper than the others, which appear in a band
bounded by the Reid potential at its shallowest and CD-Bonn at its deepest. The Hulthe´n
model deuteron potentials are 6.7% and 22.4% deeper than the CD-Bonn potentials for the
real and imaginary parts respectively. The band of potentials from the s+d model deuteron
wavefunctions are spread over several MeV. The wavefunctions derived from the chiral effective
field theory produce potentials which tend from CD-Bonn to Reid as the regulator length
decreases. The Reid potentials are 20.7%, for volume terms, and 26.2%, for surface terms,
shallower then the CD-Bonn results. This wide range may have significant effects on the (d, p)
differential cross section, depending on which N-N model is used.
6.3.2 Differential cross sections
The 26Al(d, p)27Al study mentioned earlier [24], aimed to populate the states of astrophysical
interest. Differential cross sections for these states, where experimental data are available, and
the 27Al ground state have been calculated. The values for transfered angular momenta, ln,
are those used in the previous work. Where the final state is a mixture of different ln, both
possibilities have been calculated. These are shown in figure 6.10. The cross sections from the
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Figure 6.9: Effective local potentials for 26Al(d, p)27Al at an incident energy of 12 MeV using
the GR76 nonlocal optical model parameter set [40]. The pure s-state calculation produces the
deepest potentials. The other N-N models results exist in a shallower band, which is bound by
the Reid potentials at its shallowest and CD-Bonn at its deepest. Within this band there is
significant variation between the other N-N models.
different N-N models are ordered as for the effective local potentials (see figure 6.9). The choice
of N-N model has the greatest effect when ln = 2. Based on the case studied, the effects are
also enhanced when the neutron separation energy is greater. Hence, the ground state cross
sections show an increase of 196% from the Hulthe´n result to that of the Reid. This effect is
only 53% for the 7.806 MeV excited state (when ln = 2). These are large changes which would
have a significant (changes ≈ 30%) effect on deduced neutron spectroscopic factors. Changes
of this magnitude are not seen in the other transitions presented; the ln = 0 cross sections vary
by 3.3% for the 3.004 MeV state and 7.3% for the 7.806 MeV state and the ln = 1 by 5.2%.
The results in figure 6.10 demonstrate is that the choice of deuteron wavefunction, and N-N
potential used in its calculation, is an important consideration when performing (d, p) reaction
calculations within an adiabatic theory which includes nucleon-nucleus nonlocality. The cross
sections of some transitions show extreme sensitivity to the high momentum components of
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Figure 6.10: Differential cross sections for the 26Al(d, p)27Al at an incident energy of 12 MeV,
too four final states in 27Al. Ex is the excitation energy of the final state. The different N-N
models show the greatest spread when the transfered angular momentum ln = 2, this spread
seems to be greater for the more deeply bound states. The ln = 0, 1 transitions show only a
small amount of variation between the different N-N models studied. Data taken from [24, 112].
the deuteron wavefunction, where the deuteron d-state can dominate. There is clearly reaction
sensitivity to the transfered angular momentum, the neutron separation energy and the high
n-p momentum components of the deuteron wavefunction. This will be investigated further.
6.4 Sensitivity to ln and separation energy
The noted sensitivity of differential cross sections to the high momentum structure of the deu-
teron wavefunction and the properties of the transfered neutron’s final state, is now studied. As
was seen in figure 6.10, large changes occur when ln = 2 and the neutron separation energy, Sn,
is large. Calculations for final states with given, ln, but with varying Sn are performed. Cross
sections will be found using the AV18 and Hulthe´n s-state wavefunctions and the percentage
change between the cross sections will be discerned.
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The target chosen for this study is 28Si. The resultant nucleus from the (d, p) reaction,
29Si, has a physical Sn = 8.472 MeV for its ground state.
28Si was chosen due to the neutron
orbitals above its ground state. Assuming the shell model scheme in figure 6.11, the 4 neutron
levels above the 1d 5
2
closed shell, which is the 28Si 0+ ground state, are: 2s 1
2
(ln = 0), 1d 3
2
(ln = 2), 1f 7
2
(ln = 3) and 2p 3
2
(ln = 1). The changes in the differential cross sections, as a
function of Sn, for these momentum transfers are studied. All of the calculations used the same
  
    
Figure 6.11: An extract of the nuclear shell model scheme of interest to the 28Si(d, p)29Si
reactions. Image taken from [113]
nucleon-nucleus optical model potentials in the deuteron and proton channels, GR76 [40]. The
differential cross sections were calculated at an incident energy of 10 MeV, while adjusting the
separation energies from 5-21 MeV, the percentage difference between the Hulthe´n s-state and
AV18 differential cross sections, for 4 values of ln, are presented.
6.4.1 Percentage change in dσ/dΩ at given θ
Figure 6.12 shows the percentage change in the differential cross section at a given angle.
The angle chosen, θln , depended on the transfered angular momentum: θ0 = 0°, θ1 = 16°,
θ2 = 31°and θ3 = 44°. These angles were chosen as they are the location of the AV18 cross
sections peak at Sn = 7 MeV.
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Figure 6.12: Percentage change at a given angle between differential cross sections calculated
using the AV18 wavefunction to those with the Hulthle´n s-state wavefunction, for 28Si(d, p)29Si
at 10 MeV. This is shown as a function of neutron separation energy for transfered angular
momentum ln = 0, 1, 2, 3. The angles, θln , used for the calculations are θ0 = 0°, θ1 = 16°,
θ2 = 31°and θ3 = 44°.
Even parity (ln = 0, 2) transfers
The even parity transitions (ln = 0, 2) show the largest changes. Both even transitions increase
the differential cross sections for all but the highest Sn. ln = 0 peaks at low separation energy,
the switch from Hulthe´n to AV18 increases the cross section by 27.6% when Sn = 7 MeV. The
ln = 0 results show smaller increases in the cross section as Sn increases. When ln = 0 and
Sn = 21 MeV the AV18 cross sections are 2.5% smaller than the Hulthe´n results at θ0 = 0°. So,
in the nonlocal adiabatic model, when the transfered angular momentum, ln = 0 the changes
seen in differential cross sections are greatest when the separation energy is / 8 MeV. It is
in this region that the ln = 0 cross sections are the most sensitive to the high momentum
components of the deuteron wavefunctions present in the deuteron-target potential potential.
The cross sections calculated when ln = 2 show similar behaviour, but with the maximum
increase in the AV18 cross section occurring at higher Sn. The ln = 2 results show greater
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changes than the ln = 0 results. As figure 6.12 shows, at Sn = 11 MeV the ln = 2 cross sections
are 35.2% greater than their Hulthe´n counterparts, at θ0 = 31°. This is a significant increase.
Much like the ln = 0 results, the increases in cross section decrease with increasing Sn. At the
lowest Sn studied here, the ln = 2 calculations increase the resultant differential cross sections
by less than the ln = 0 results. The greatest increases in ln = 2 differential cross section,
arising from using a more realistic deuteron wavefunction with a d-state component, occur in
the middle of the range of Sn studied. Here the changes are maximal when 10 / Sn / 14 MeV.
Odd parity (ln = 1, 3) transfers
The results for negative parity transitions (ln = 1, 3) show different behavior to the even parity
results. The even parity transfers showed mostly increases, in the differential cross section, when
moving from using the Hulthe´n wavefunction to that of AV18, the odd parity calculations show
mostly decreases. The ln = 1 transition shows an increase in the cross section at low separation
energy, but a decrease at high separation energy. When Sn = 5 MeV the AV18 cross section
is 8.3% larger than the pure s-state results, but when Sn = 21 MeV the AV18 cross section
is 33.2% smaller than the Hulthe´n results. The largest changes with ln = 1 which occur, are
decreases in the cross section when Sn ' 15 MeV.
The ln = 3 results varies the most of any of the transitions studied in figure 6.12, decreasing
the cross section slightly at small separation energies and providing some of the largest increases
at the highest separation energies. When Sn = 21 MeV the ln = 3 AV18 cross sections are
18.5% higher than the equivalent Hulthe´n result. Much like the ln = 1 results, the changes seen
when ln = 3 are greatest at the highest separation energies, particularity when Sn ' 15 MeV.
The trends in figure 6.12 show that, the sensitivity of the differential cross sections to the
short range behavior of the deuteron wavefunction, from the nonlocal adiabatic deuteron-target
potential, is dependent on the transfered neutron’s angular momentum and separation energy.
The results suggest that, within this works framework, moving from using a simple deuteron
wavefunction (e.g. Hulthe´n) to a more physically realistic wavefunction (e.g. AV18) has the
greatest impact on even parity (ln = 0, 2) transfers when the separation energy is low, and on
odd parity (ln = 1, 3) transfers when the separation energy is high.
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6.4.2 Percentage change when dσ/dΩ is maximal
Using the same differential cross sections discussed in the previous section, the percentage
difference between the peak values of the AV18 and Hulthe´n results has now been calculated.
The results of this can be seen in figure 6.13.
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Figure 6.13: Percentage change between differential cross sections at the peaks calculated using
the AV18 wavefunction to those with the Hulthle´n s-state wavefunction, for 28Si(d, p)29Si at 10
MeV. This is shown as a function of neutron separation energy for transfered angular momentum
ln = 0, 1, 2, 3.
Small ln transfers (ln = 0, 1)
The ln = 0 results in figure 6.13 are identical to those seen in figure 6.12. This is because as
the percentage differences for a given angle, figure 6.12, were calculated at θ = 0°. The peak
of the ln = 0 cross sections, for calculations using either the Hulthe´n or AV18 wavefunctions
occurs at θ = 0°. As such, and analysis given in the previous section, on the ln = 0 transfer
results of figure 6.12, applies here as well.
The peak differences with a ln = 1 transfer in figure 6.13 show very similar behavior to
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the results seen previously at a given angle (see 6.12). At Sn = 5 MeV the absolute difference
between the ln = 1 results in figures 6.12 and 6.13 is 0.57%, this increases to 1.46% when
Sn = 21 MeV. As the results for the ln = 0, 1 transfers are the either the same or very close in
figures 6.12 and 6.13 it suggests that the peak positions of these cross sections do not change
as the neutron separation energy increases. The results found a given angle (figure 6.12) used
θ0 = 0° and θ1 = 16°. These are the positions of the AV18 cross sections peak when Sn = 7
MeV, this doesn’t change when ln = 0 and only changes slightly when ln = 1.
ln = 3 transfers
ln = 3 transfer results in figure 6.13 show the same trend as those in figure 6.12, the difference at
a given angle, but with greater changes at higher separation energy. At Sn = 5MeV the ln = 3
results in figures 6.12 and 6.13 have an absolute difference of 0.58% which increases to 26.31%
for Sn = 21 MeV. Unlike the results at a given angle, the peak results show an increase in the
AV18 cross section over the Hulthe´n result from Sn ' 14 MeV. By Sn = 17 MeV the increases
in figure 6.13 are greater than any seen in figure 6.12 for ln = 3 transfers. These results suggest
that the peak position of the cross section shifts as the neutron separation energy increases. Of
course separation energies of 21 MeV for 28Si are unphysical and will greatly effect the resulting
cross section, but this shifting effect as already been shown for an ln = 3 transition in this work.
Calculations for the 40Ca(d, p)41Ca reaction (studied in the lowest order limit and then
again when comparing those results to full calculations) show that when a more realistic N-N
potential, which results in a d-state component, is used the peak of the resulting differential
cross section is shifted to larger angles (see figures 5.9 and 6.4). This is in addition to the shift
seen by the introduction of the nucleon-nucleus nonlocality of the optical model (see figure 3.11).
The neutron separation energy for 41Ca is Sn = 8.3627 MeV and the
40Ca(d, p)41Ca reaction
showed an increase in the cross section from Hulthe´n to AV18 calculations. The 28Si(d, p)29Si
ln = 3 results (figures 6.12 and 6.13) only show increases in the AV18 cross section at much
higher separation energies, this suggests that the trends seen in this section may shift to lower
separation energies as the target mass increases.
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ln = 2 transfers
The ln = 2 peak difference results in figure 6.13 show the most striking behavior. These results
follow the same trend as the equivalent results for a given angle (figure 6.12), but deviate
sharply at Sn = 15MeV, rising suddenly. As with the ln = 3 peak difference results, this is
caused by the cross section peak moving, but unlike the ln = 3 results this is not the peak
shifting, but entirely changing position. If the ln = 2 cross sections are studied (figure 6.14),
the peak position, θ ≈ 35°, of the AV18 cross sections is over taken by θ = 0° as the separation
energy increases. This does not occur when using the Hulthe´n wavefunction, hence the sudden
change in the difference between the peak values.
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Figure 6.14: Differential cross sections calculated using the AV18 and the Hulthle´n wavefunc-
tions for the 28Si(d, p)29Si reaction at 10 MeV. This is shown for neutron separation energies
Sn = 11− 21 MeV and ln = 2. As the separation energy increases the peak of the cross section
occurs for the AV18 calculations changes from ≈ 30° to 0°. This effect does not appear in the
Hulthe´n results, this causes the kink seen in the green line in figure 6.13.
Both sets of cross sections in figure 6.14 reduce in magnitude as the neutron separation
energy, Sn, increases. The Hulthe´n cross sections (lower panel of figure 6.14) show an increase
in the cross section at θ = 0° as Sn increases. Although the cross section at 0° is never greater
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than the peak, which occurs at higher angles. If the trend continues the peak position may shift
to 0° if Sn was increased further. The AV18 cross sections (upper panel of figure 6.14) behave
differently at low angles. The increase in Sn decreases the cross sections at 0°, this decrease
lowers the 0°values by 13% in the range Sn studied. This is a small effect when compared to
changes seen at higher angles, at 35° the cross section decreases by 134% as Sn increases. This
sizable difference in sensitivity causes the 0° position to become the highest point of the cross
section from Sn = 15 MeV and upwards. This is responsible for the kink seen in the green line
in figure 6.13. This effect is also seen in figure 6.10 for the 26Al(d, p)27Al reaction (to the 27Al
ground state), many of the N-N potentials give results which peak at 0°. This is seen for the
Reid, AV18 and N4LO (reg = 0.8,0.9 fm) wavefunctions, in figure 6.10. The neutron separation
energy for 27Al is Sn = 13.06 MeV, which is slightly below the energy where the change of peak
position occurred in figure 6.14. This shows that the choice of target system and N-N potential
can effect at which neutron separation energies the effects seen in figures 6.12 and 6.13 occur.
The changing shape of the the differential cross section could have important implications for
nuclear spectroscopy.
6.5 Summary
This chapter presented the results of full (d, p) reaction calculations using the complete non-
local adiabatic deuteron-target potentials derived in Chapter 4. It has been shown that moving
onwards from the lowest order limit produces lower differential cross sections, but the sensit-
ivity to the high momentum components of deuteron wavefunction persist (see figures 6.4 and
6.8). Calculations using the different N-N potentials, introduced in Chapter 2, showed that,
depending on the final neutron state, their could be significant variation between the resulting
differential cross sections (see figure 6.10). This is interpreted as a manifestation of the differ-
ing short range structure of the deuteron wavefunctions and their associated vertex functions
(see figure 2.1 and 2.2). This was further investigated with a study of the difference between
differential cross section calculated from the Hulthe´n and AV18 wavefunctions, as a function
of neutron separation energy for different momentum transfers. This study showed that at low
separation energy energies even parity transitions (ln = 0, 2) produced the biggest changes and
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at higher separation energies the higher ln = 2, 3 transfers gave the largest changes (see figures
6.12 and 6.13). This study demonstrated that reaction calculations, using a realistic deuteron
wavefunction, resulting in a deeply bound neutron final state, which transferred high units of
angular momentum, can lead significant changes in the shape of the differential cross sections
(see figure 6.14).
Chapter 7
Conclusion and Future Work
7.1 Conclusions and discussion
This project has assessed the effects, on nuclear reaction observables, when the d-state com-
ponent of the deuteron wavefunction is included in ADWA, alongside the intrinsic nonlocality
of the nucleon-nucleus optical model potentials. A framework has been presented (Chapter 4)
where distorted waves can be calculated exactly, for both the deuteron and proton channels,
from nonlocal nucleon-nucleus potentials of the Perey-Buck type.
The leading order terms of this works approach (lowest order) have been shown to be
equivalent to calculations using local equivalent deuteron-target potentials found by previous
authors [75] (Chapter 5). Differential cross sections found in this limit are larger than those
from local models [75] (Chapter 3, see figure 3.11). This was interpreted as the inclusion
of nucleon-nucleus nonlocality giving sensitivity to the high n-p relative momenta inside the
deuteron. The addition of the d-state component was seen to enhance these effects. Including
the d-state adds more high momentum components to the deuteron wavefunction. When full
calculations of this work framework were performed (Chapter 6) the resulting deuteron-target
potentials became more diffuse, and the differential cross sections reduced (see figure 6.4).
The effects of using a more realistic deuteron wavefunction, which includes a d-state, seen in
the leading order persist in this beyond lowest order limit. For a range of target mass and
incident energies the calculations which included a d-state were markedly different from those
without (see figures 6.4 and 6.5). This showed that the d-state contribution to differential cross
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sections, from a nonlocal model, is far from negligible, as it has been called in local calculations
[82]. In both limits, lowest order and beyond, the addition of the d-state produces a tensor
component of the deuteron-target potential. This was shown in both cases to have a negligible
effect on differential cross sections (figure 5.12 and 6.8), and as such was not included in further
calculations.
It was noted that the magnitude of the effects, arising from high n-p momenta, had some
dependence on neutron separation energy, Sn, and transfered angular momentum, ln. The
magnitude of the effects was quantified for a range of Sn and ln (see figures 6.12 and 6.13). The
even parity transfers (ln = 0, 2) produced the largest changes in the differential cross sections,
but when Sn ' 17 MeV the odd parity (ln = 1, 3) transfers can dominate the even parity
transfers (see figure 6.12). This study also revealed that for large Sn and high momentum
transfers (ln = 2, 3) the peak of the differential cross section can shift to larger angles (ln = 3),
or entirely change position (ln = 2) (see figure 6.13). These effects can significantly change
the shape of the differential cross section, and could have important implications for nuclear
spectroscopy studies. The results demonstrate that the short range behavior of the deuteron
wavefunctions is of greatest significance when ln and Sn are large.
The aim of this work was the quantify the d-state effects in a nonlocal AWBA (d, p) reaction
framework. The size of the d-state effects is dependent on which deuteron wavefunction is used
in the reaction calculations. As was shown in Chapter 2, different N-N potentials have varying
d-state probabilities in the wavefunction, PD, and the vertex function, PD, (see table 2.2).
The N-N potentials studied in this work showed vastly different high momentum behavior (see
figure 2.2), which manifested as differing effective local deuteron-target potentials (figure 6.9)
and differential cross sections (figure 6.10). It was shown that for the 26Al(d, p)27Al reaction, to
the 27Al ground state, that calculated differential cross sections can be doubled by the choice of
N-N potential used to construct the deuteron. Clearly, when working in a nonlocal ADWA (d, p)
reaction framework, which is sensitive to the short range behavior of the deuteron wavefunction,
the choice of N-N potential is of great importance to the final results. Section 3.2 demonstrated
this is not the case for local models.
As stated, the effects produced by this works framework are believed to arise from high
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relative n-p momenta, where both the s and d-states have significant contributions. The d-
state can not be safely ignored in the calculation of nonlocal deuteron-target potentials. The
influence of the deuteron d-state and the influence of the high momentum components are not
synonymous. The exact magnitude of s and d-state terms in calculated reaction observables
will vary depending on the choice of N-N potential used to construct the deuteron. The s and
d-state terms cannot be known exactly. As realistic deuteron wavefunctions (such as AV18, CD-
Bonn or N4LO from chiral EFT) are constructed from coupled s and d-states, they cannot be
separated and studied individually. Also, unlike those seen in Chapter 2, the differential cross
sections used in full calculations are not directly proportional to the deuteron wavefunction,
meaning s and d-state components cannot be simply separated.
As such, this work can only conclude that when the inherent nucleon-nucleus nonlocality of
the optical model potentials is included in adiabatic (d, p) reaction calculations, the deuteron
d-state component has a significant contribution to the resulting deuteron-target potentials.
This arises from the potentials sensitivity to high relative n-p momenta. The size of the d-state
effect is dependent on the N-N potential used to find the deuteron wavefunction, and will act
along side effects arising from high momentum s-state components.
7.2 Future work and outlook
It was discussed in the introductory chapter that the d-state has the greatest influence on
polarisation and spin observables, and that recent experiments will make use of a polarised
deuteron. Spin observables, such as the analyzing powers, have not be calculated or presented
in this work. While the framework developed is capable of being a applied to spin observables, it
is known that to calculate them accurately an explicit spin-orbit term is required in the optical
model potential [43]. During this investigation only central real volume and imaginary surface
terms have been included in the nonlocal nucleon-nucleus optical model potential. These terms
were chosen as are known to have the largest contribution to low energy cross sections. An
obvious extension to the formalism, shown in Chapter 4, is the inclusion of a spin-orbit term in
the nonlocal nucleon-target form factors, UNA. The nonlocal optical model parameters exist for
spin-orbit terms of the Thomas form [38, 40]. This would lead to a more complicated dependence
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on the angular momentum in the nonlocal kernel functions used to find the distorted waves,
V , but I do not believe this would hamper calculations. This would allow the spin observables,
which in local models show the highest sensitivity to the d-states inclusion, to be studied in
this nonlocal approach. The d-state and its tensor force are essential to compute the tensor
analyzing powers. Producing a framework capable of calculating these quantities accurately
could also allow the tensor force seen in this work (whose effects on differential cross sections
were consistently less than 1%) to be studied in greater detail and more of its effects to be
investigated.
Another extension to the formalism shown would be move away from the zero range ap-
proximation in the calculation of the transition amplitude. As was stated in Chapter 1, the
deuteron d-state effects are known to be greater in finite range calculations [83]. This would
require significant modification to the reaction codes used in the computation of observables. It
was demonstrated in the first section of Chapter 3 that the choice of neutron-proton interaction,
Vnp which appears in the transition amplitude (see equations 1.39 & 3.4) and which is approx-
imated as zero range (see equation 1.40), exerts little influence on cross sections. While the
resulting finite range effects may be smaller than those seen to arise from the high momentum
components of the deuteron wavefunction, they still require study so the full influence of the
deuteron d-state can be evaluated.
The optical model parameters used though out this work were energy independent, in ac-
cordance with the model set out by Perey and Buck [39]. As section 1.2.1 demonstrated the
nucleon-nucleus optical model potentials are simultaneously nonlocal and energy dependent.
There have been attempts to produce energy dependent nonlocal optical model potentials [114]
but they do not produce results consistent with reaction data [115]. Inconsistencies in optical
model potentials is a large source of error for reaction calculations, for both local and nonlocal
approaches. The choice of optical model potentials will effect the resulting differential cross
section and therefore nuclear physics information extracted from them, such as spectroscopic
factors. The results of this works formalism should be reexamined with the development of more
modern, hopefully more physically accurate optical model parameters, such as those derived
form chiral effective field theories [116, 117].
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A final area of further study concerns the formulation of the ADWA approach. In the de-
rivation of ADWA it’s assumed that, as the transition amplitude using the Weinberg expansion
converges rapidly, only the first Weinberg term is required for an antiquate description of the
3-body deuteron-target wavefunction (see section 1.3.3), inside the range of Vnp. As has been
discussed at length in this chapter and in this work as a whole, large variations are seen between
the results for different N-N models within this works nonlocal ADWA approach. When large
changes are seen after a series has been truncated it can be a symptom that not enough terms
have been included in the calculations. It may therefore be now relevant to re-examine the
convergence of Weinberg series and the effect of additional terms on reaction observables in
this nonlocal framework.
The results of this study show that there is still much to be investigated within (d, p)
reaction theory. The conclusions of this work are that including the deuteron d-state is essential
when working with a (d, p) reaction theory which accounts for projectile break-up and the
inherent nonlocality of the nucleon-nucleus optical model potentials. This is so because the
resulting deuteron-target potentials are highly sensitive to the short range (high momentum)
behavior of the deuteron wavefunction. This can lead to a strong dependence on the nucleon-
nucleon potential used to construct the deuteron, which can result in dramatic changes in
calculated differential cross sections. The outcomes demonstrated in this thesis have important
implications for the analysis of experimental (d, p) reaction data, especially at small angles,
which could in turn lead to a different picture of nuclear structure being extracted.
Appendices
129
Appendix A
Plane wave (d, p) Transition amplitude
formalism
The transition amplitude within the plane wave Born approximation is
TmnσpMd = 〈φmnn eikp·Rpχspσp |Vnp|φMd0 e−ikd·R〉. (A.1)
This expression assumes that their is a single, unique value for the total angular momentum of
the transfered neutron, jn, and that the spectroscopic factor, S = 1. Therefore, the result of
equation 1.33 is simply φn , the bound state wavefunction of the transfered neutron, which has
the form:
φmnn (rn) =
∑
λnσn
(lnλnsnσn|jnmn)uln(rn)
rn
Yλnln (rˆn)χsnσn . (A.2)
Here mn, λn and σn are the projections of the total jn, orbital ln and spin sn angular momenta
respectively. ln, sn are coupled to jn via a Clebsch-Gordan coefficient, (lnλnsnσn|jnmn). As a
neutron is a fermion sn = 1/2. At this point, the coordinates used in plane waves do not cor-
respond to those in the deuteron and neutron wavefunctions. By making use of the coordinate
system defined in figure 1.1, it can be shown that:
kp ·Rp − kd ·R =kp ·
(
A
A+ 1
rn + r
)
− kd ·
(
rn +
1
2
r
)
,
=
(
A
A+ 1
kp − kd
)
· rn +
(
kp − 1
2
kd
)
· r,
(A.3)
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and defining:
q =
A
A+ 1
kp − kd, k = kp − 1
2
kd, (A.4)
the matrix element can now be written in the new coordinates:
TmnσpMd = 〈φmnn eiq·rnχspσp |Vnp|φMd0 eik·r〉. (A.5)
Now, including the full expressions for φmnn and Vnpφ
Md
0 (equation 2.8) and writing the matrix
element in integral form gives an expression for the transition amplitude:
TmnσpMd =
∑
λnσn
∑
ldλdσpσn
(lnλnsnσn|jnmn)χ†snσnχ†spσp
∫
drn
uln(rn)
rn
Y
λ∗n
ln
(rˆn)e
iq·rn
× (snσnspσp|sdσd)(ldλdsdσd|JdMd)χspσpχsnσn
∫
dr
vld(r)
r
Yλdld (rˆ)e
ik·r.
(A.6)
Here σp, σn are the spin projections from the entrance channel
1. These can be reduced by
combining them with the projections from the exit channel, such that:
χ†snσnχsnσn = δsnsnδσnσn , χ
†
spσpχspσp = δspspδσpσp . (A.7)
This simplifies many of the sums involved in the transition amplitudes calculation such that it
can be written:
TmnσpMd =
∑
λnσn
∑
ldλd
(lnλnsnσn|jnmn)
∫
drn
uln(rn)
rn
Y
λ∗n
ln
(rˆn)e
iq·rn
× (snσnspσp|sdσd)(ldλdsdσd|JdMd)
∫
dr
vld(r)
r
Yλdld (rˆ)e
ik·r,
(A.8)
1In equation A.6 the deuteron spin function, χsdσd , (from the full form of Vnpφ
Md
0 , equation 2.8) has been
expanded into neutron and proton components. Such that,
χsdσd =
∑
σpσn
(snσnspσp|sdσd)χspσpχsnσn
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it is clear that both of the integrals are merely Fourier transforms of the wavefunctions. By
making use of the expansion of a plane wave:
eik·r = 4pi
∑
lλ
iljl(kr)Y
λ
l (rˆ)Y
λ∗
l (kˆ), (A.9)
where jl(kr) are the spherical Bessel functions of the first kind, and performing the integrals
equation A.8 will become:
TmnσpMd = 16pi
2
∑
λnσn
∑
ldλd
(lnλnsnσn|jnmn)(snσnspσp|sdσd)
× (ldλdsdσd|JdMd)ilnuln(q)Yλ
∗
n
ln
(qˆ)ildvld(k)Y
λd
ld
(kˆ),
(A.10)
where
q2 =
A
A+ 1
k2p + k
2
d −
2A
A+ 1
kpkd cos θkdkp (A.11a)
k2 = k2p +
1
4
k2d − kpkd cos θkdkp (A.11b)
Noting the differential cross-section for a A(d, p)A+1 reaction, from a total angular momentum
JI initial state in the target, is [60]:
dσ
dΩ
=
µdAµp(A+1)
4pi2~4
kp
kd
1
(2Jd + 1)(2JI + 1)
|T|2, (A.12)
where µdA, µp(A+1) and kp, kd are the reduced masses and center of mass momenta of the entrance
and exit channels. To calculate differential cross sections, the transition amplitude mwill have
its modulus squared. Doing so to equation A.10 will give:
|Tjnln|2 = (16pi2)2
∑
mnσpMd
∑
λnσnλ′nσ′n
∑
ldλdl
′
dλ
′
d
∑
σdσ
′
d
(lnλnsnσn|jnmn)(lnλ′nsnσ′n|jnmn)
× (snσnspσp|sdσd)(snσ′nspσp|sdσ′d)(ldλdsdσd|JdMd)(l′dλ′dsdσ′d|JdMd)
× |uln(q)|2Yλ
∗
n
ln
(qˆ)Y
λ′n
ln
(qˆ)vld(k)vl′d(k)Y
λd
ld
(kˆ)Y
λ′∗d
l′d
(kˆ)
(A.13)
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This expression can be reduced via angular momentum algebra, a full derivation of this can
be found in Appendix B.1. Once all the sums have been completed the transition amplitude
squared can be written:
|Tjnln|2 = (4pi)2
∑
ld
(2jn + 1)(2Jd + 1)
(2sn + 1)
uln(q)
2vld(k)
2,
= (4pi)2
(2jn + 1)(2Jd + 1)
(2sn + 1)
uln(q)
2
[
v0(k)
2 + v2(k)
2
]
.
(A.14)
Appendix B
Angular momentum Algebra and
angular components
Some useful definitions for this appendix [106]. Firstly the rearrangement of a Clebsch-Gordan
coefficient (aα, bβ|cγ)
(aα, bβ|cγ) =
(
2c+ 1
2a+ 1
) 1
2
(−1)b+β(c− γ, bβ|a− α), (B.1)
and the unitarity relationship:
∑
αβ
(aα, bβ|cγ)(aα, bβ|c′γ′) = δcc′δγγ′ . (B.2)
Some of the Clebsch Gordan coefficients must be reduced to Racah coefficients, W (abcd; ef),
and the spherical harmonics must be combined. This can be achieved using the following two
relations:
∑
βεδ
(aα, bβ|eε)(eε, dδ|cγ)(bβ, dδ|fϕ) = (aα, fϕ|cγ)[(2e+ 1)(2f + 1)] 12W (abcd; ef), (B.3a)
Y λl (xˆ)Y
λ′
l′ (xˆ) =
∑
LΛ
(lλ, l′λ′|LΛ)(l0, l′0|L0)
[
(2l + 1)(2l′ + 1)
4pi(2L+ 1)
] 1
2
Y ΛL (xˆ). (B.3b)
It should also be noted that cˆ = 2c+ 1 where c is some angular momentum.
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B.1 For s- and d-state plane wave differential cross sec-
tion
The angular momentum and angular components from equation A.13 are:
∑
mnσpMd
∑
λnσnλ′nσ′n
∑
ldλdl
′
dλ
′
dσdσ
′
d
(lnλnsnσn|jnmn)(lnλ′nsnσ′n|jnmn)(snσnspσp|sdσd)
× (snσ′nspσp|sdσ′d)(ldλdsdσd|JdMd)(l′dλ′dsdσ′d|JdMd)
× Yλ∗nln (qˆ)Y
λ′n
ln
(qˆ)Yλdld (kˆ)Y
λ′∗d
l′d
(kˆ).
(B.4)
Sums over neutron bound state
To start only the sums over the projections of the total (mn) and orbital angular momentum
(λn) of the transfered neutron bound state momenta will be considered
∑
mn
∑
λnλ′n
(lnλnsnσn|jnmn)(lnλ′nsnσ′n|jnmn)Yλ
∗
n
ln
(qˆ)Y
λ′n
ln
(qˆ). (B.5)
Using the identity
Y
λ∗n
ln
(qˆ) = (−1)λnY−λnln (qˆ), (B.6)
and equation B.3b, the spherical harmonics can combined:
(−1)λnY−λnln (qˆ)Y
λ′n
ln
(qˆ) =
∑
LnΛn
(ln − λnl′nλ′n|LnΛn)(ln0ln0|Ln0)
[
(2ln + 1)
2
4pi(2Ln + 1)
] 1
2
Y ΛnLn (qˆ). (B.7)
Taking the Clebsch-Gordan coefficients containing nonzero projections from equations B.5 and
B.7, reordering them (a full list of relations on this can be found in [106]) and making use of
equation B.3a yields:
∑
mnλnλ′n
(lnλnsnσn|jnmn)(lnλ′nsnσ′n|jnmn)(ln − λnlnλ′n|LnΛn)
= (−1)ln+Λn(−1)sn+σn
(
2jn + 1
2ln + 1
) 1
2
(
2jn + 1
2sn + 1
) 1
2
[(2ln + 1)(2sn + 1)]
1
2
× (snσ′nsn − σn|LnΛn)W (snjnLnln; lnsn).
(B.8)
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Now the angular momentum algebra for the neutron bound state in equation B.5 has become:
∑
LnΛn
(−1)ln+Λn(−1)sn+σn(2jn + 1)
[
(2ln + 1)
2
4pi(2Ln + 1)
] 1
2
(snσ
′
nsn − σn|LnΛn)
×W (snjnLnln; lnsn)(ln0ln0|Ln0)Y ΛnLn (qˆ).
(B.9)
Sums over deuteron components
Starting from: ∑
Md
∑
λdλ
′
d
(ldλdsdσd|JdMd)(l′dλ′dsdσ′d|JdMd)Yλ
∗
d
ld
(kˆ)Y
λ′d
l′d
(kˆ), (B.10)
and following the same procedure that was shown for the neutron bound state, this set of
Clebsch-Gordan coefficients and spherical harmonics can be shown to be:
∑
LdΛd
(−1)−ld−Λd(−1)sd+σd(2Jd + 1)
[
(2ld + 1)(2l
′
d + 1)
4pi(2Ld + 1)
] 1
2
(sdσdsd − σ′d|Ld − Λd)
×W (sdJdLdld; ldsd)(ld0l′d0|Ld0)Y −ΛdLd (kˆ).
(B.11)
Sums over spin components
By taking the Clebsch-Gordan coefficients which couple to the deuteron’s spin, sd, from equation
B.4 and the coefficient, (sdσdsd − σ′d|Ld − Λd), from equation B.11, further reductions can be
made. By summing over the proton and deuteron spin projections (σp, σd), making use of
equations B.1, B.3a and the relations found in [106] it can be shown that:
∑
σpσdσ
′
d
(−1)sd+σd(snσnspσp|sdσd)(snσ′nspσp|sdσ′d)(sdσdsd − σ′d|LdΛd)
= (−1)−Ld+Λd(−1)−sn+σn(2sd + 1)(sn − σ′nsnσn|LdΛd)W (snspLdsd; sdsn).
(B.12)
Now, the Clebsch-Gordan coefficients in equations B.9 and B.12 which contain sn and nonzero
projections can be reduced. By summing over σnσ
′
n and making use of the identity seen in
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equation B.2
∑
σnσ′n
(−1)−sn+σn(−1)sn+σn(sn − σ′nsnσn|Ld − Λd)(snσ′nsn − σn|LnΛn)
= (−1)−LdδLnLdδΛnΛd
∴ L = Ln = Ld & Λ = Λn = Λd.
(B.13)
Final Summations
Thus far, the angular components of the plane wave transition amplitude have become:
∑
LΛldl
′
d
(−1)ln(−1)−ld(−1)−Λ
[
(2ln + 1)
2
4pi(2L+ 1)
] 1
2
[
(2ld + 1)(2l
′
d + 1)
4pi(2L+ 1)
] 1
2
× (2Jd + 1)(2jn + 1)(2sd + 1)Y −ΛL (kˆ)Y ΛL (qˆ)(ld0l′d0|L0)(ln0ln0|L0)
×W (sdJdLld; ldsd)W (snjnLln; lnsn)W (snspLsd; sdsn).
(B.14)
The spherical harmonics can be simply combined to give a Legendre polynomial by performing
the sum over Λ ∑
Λ
(−1)−ΛY −ΛL (kˆ)Y ΛL (qˆ) =
2L+ 1
4pi
PL(cos θkq). (B.15)
By studying W (snjnLln; lnsn) it can be seen that L = |sn + sn| which, as sn = 12 , implies that
L = 0, 1. From the coupling in (ln0, ln0|L0) only L = 0 is possible. The Legendre polynomial
will now reduce as P0 = 1. The remaining Clebsch-Gordan coefficients will collapse when L = 0
like so:
(ln0ln0|00) = (−1)ln(2ln + 1)− 12 δlnln , (B.16a)
(ld0l
′
d0|00) = (−1)ld(2ld + 1)−
1
2 δldl′d , (B.16b)
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canceling the phases in equation B.14. The Racah coefficients will also reduce, due to L = 0,
such that:
W (snjn0ln; lnsn) =
1
[(2sn + 1)(2ln + 1)]
1
2
δsnsnδlnln , (B.17a)
W (sdJdLld; ldsd) =
1
[(2ld + 1)(2sd + 1)]
1
2
δldldδsdsd , (B.17b)
W (snspLsd; sdsn) =
1
[(2sn + 1)(2sd + 1)]
1
2
δsnsnδsdsd . (B.17c)
After these reductions, the angular components of the plane wave transition amplitude includ-
ing, s- and d-states, are:
∑
mnσpMd
∑
λnσnλ′nσ′n
∑
ldλdl
′
dλ
′
dσdσ
′
d
(lnλnsnσn|jnmn)(lnλ′nsnσ′n|jnmn)(snσnspσp|sdσd)
× (snσ′nspσp|sdσ′d)(ldλdsdσd|JdMd)(l′dλ′dsdσ′d|JdMd)
× Yλ∗nln (qˆ)Y
λ′n
ln
(qˆ)Yλdld (kˆ)Y
λ′∗d
l′d
(kˆ)
=
(2Jd + 1)(2jn + 1)
(2sn + 1)
.
(B.18)
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Starting from equation 4.18, the angular components of x can be integrated over:
∫
Y
λ′d
l′d
(xˆ)Yλ∗l (xˆ)Y
q1∗
k1
(xˆ)dxˆ =
[
(2l + 1)(2k1 + 1)
4pi(2l′d + 1)
] 1
2
(l0k10|l′d0)(lλk1q1|l′dλ′d). (B.19)
The spin functions will collapse giving:
χ†sdσdχsdσ′d = δσdσ′d . (B.20)
So, the expression of the nonlocal adiabatic potential contains the following sums over Clebsch-
Gordan coefficients:
∑
q1λdσdλ
′
d
(ldλdsdσd|JdMd)(l′dλ′dsdσd|JdM ′d)(lλk1q1|l′dλ′d)(k1q1k2q2|ldλd). (B.21)
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By using graphical methods found in [118] these sums can be reduced to two Racah coefficients
and a pair of Clebsch-Gordan coefficients (shown in figure B.1) though the introduction of an
addition piece of angular momentum. The new momenta required can be found by use of the
  
Figure B.1: Graphical representation of the angular momentum in equation B.21
completeness relation for Clebsch-Gordan coefficients:
∑
λ¯dλ¯
′
d
∑
aα
(ldλdl
′
dλ
′
d|aα)(ldλ¯dl′dλ¯′d|aα) =
∑
λ¯dλ¯
′
d
δλ′dλ¯′dδλdλ¯d = 1, (B.22)
combining this with equation B.21 leads to:
∑
aαλ¯dλ¯
′
d
∑
q1λd,σdλ
′
d
(ldλdsdσd|JdMd)(l′dλ′dsdσ′d|JdM ′d)(ldλdl′dλ′d|aα)
×(lλk1q1|l′dλ¯′d)(k1q1k2q2|ldλ¯d)(ldλ¯dl′dλ¯′d|aα).
(B.23)
My making use of equation B.3a the Clebsch-Gordan coefficients can be reduced thusly:
∑
λ′dσdλd
(l′dλ
′
dsdσd|JdM ′d)(ldλdsdσd|JdMd)(ldλdl′dλ′d|aα) = (−1)l
′
d−a+λd
×
(
2a+ 1
2ld + 1
) 1
2
[(2ld + 1)(2Jd + 1)]
1
2 (a− αJdMd|JdM ′d)W (aldJdsd; l′dJd),
(B.24)
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and
∑
λ¯′dq1λ¯d
(−1)q1(lλk1 − q1|l′dλ¯′d)(k1q1k2q2|ldλ¯d)(ldλ¯dl′dλ¯′d|aα) = (−1)k1+k2−ld(−1)l
′
d+λ¯
′
d
×
(
2a+ 1
2ld + 1
2ld + 1
2k2 + 1
2l′d + 1
2l + 1
) 1
2
[(2ld + 1)(2l + 1)]
1
2 (a− αlλ|k2 − q2)W (al′dk2k1; ldl).
(B.25)
The phase factors (−1)λ¯′d and (−1)λd have been summed over and need to be evaluated them-
selves. With study of the completeness relation given earlier (equation B.22) it can be shown
that these two phases combine to give (−1)α. Before putting the two results together the it is
useful to rearrange them like so:
(a− αJdMd|JdM ′d) = (−1)Jd+Jd+a(JdM ′da− α|JdMd), (B.26a)
(a− αlλ|k2 − q2) = (−1)l+λ
(
2k2 + 1
2a+ 1
) 1
2
(k2q2lλ|aα). (B.26b)
With some manipulation of the phases, combing with the result of equation B.19, the full
angular momentum structure of the nonlocal potential can be written
∑
q1λdσdλ
′
d
∫
Y
λ′d
l′d
(xˆ)Yλ∗l (xˆ)Y
q1∗
k1
(xˆ)dxˆ
(l′dλ
′
dsdσd|JdM ′d)(ldλdsdσd|JdMd)(lλk1 − q1|ldλd)(k1q1k2q2|ldλd) =∑
aα
(−1)a+α[(2Jd + 1)(2l + 1)(2l′d + 1)(2ld + 1)] 12
× (k2q2lλ|aα)W (al′dk2k1; ldl)W (aldJdsd; l′dJd)〈Md|T Jda−α|M ′d〉.
(B.27)
Where 〈Md|T Jda−α|M ′d〉 = (2a + 1)
1
2 (JdM
′
da − α|JdMd) is the matrix element of the irreducible
spin tensor operator (of rank a) in Jd space.
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B.3 Angular momentum algebra from equation for dis-
torted waves
To reduce the angular momentum factors fully the Clebsch-Gordan coefficients on the left hand
side of equation 4.37 will need to be removed. This can be done by taking the product of both
sides of the equation with two new Clebsch-Gordan coefficients which couple L′Λ′, JdM˜d, L˜Λ˜, JdMd
to some new momenta J˜M˜ . Then summing over the relevant projections will give:
×both sides by
∑
J˜M˜
Λ2M˜d
Λ˜Md
(L2Λ2JdM˜d|J˜M˜)(L˜Λ˜JdMd|J˜M˜),
LHS:
∑
Λ2M˜d
(L2Λ2JdM˜d|J˜M˜)(L2Λ2JdM˜d|JM) = δJJ˜δMM˜ , (B.28a)
∑
Λ2M˜d
(L˜Λ˜JdMd|JM)(L˜Λ˜JdMd|J˜M˜) = δJJ˜δMM˜ , (B.28b)
RHS:
∑
Λ2M˜d
(L˜Λ˜JdMd|JM)(L˜Λ˜JdMd|J˜M˜) = δJJ˜δMM˜ . (B.28c)
So that now equation 4.37 can be written (n.b. cˆ =
√
2c+ 1 where c is a dummy variable):
∑
JM
(T
(L2)
R + Uc(R)− Ed)χJL2L˜(R) =
− 4pi
∑
M ′′d
aα
∑
lλ
k2q2
∑
JM
L′′′Λ′′′
g1γ1
(−1)a−α+Λ′′′ aˆlˆgˆ1
Lˆ2
(l0g10|l20)(lλg1γ1|L2Λ2)(g1γ1L′′′ − Λ′′′|k2q2)
(JdM
′′
d a− α|JdM˜d)(L′′′Λ′′′JdM ′′d |J˜M˜)(L2Λ2JdM˜d|J˜M˜)(lλk2q2|aα)
R
∫
dR′
1
R′
ν˜(alk2)g1g2 (R,R
′)χJL′′′L˜(R
′).
(B.29)
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Now the remaining Clebsch-Gordan coefficients can be reduced to Racah coefficients by using
the relation in equation B.3a
∑
λq2γ1
(g1γ1L
′′′ − Λ′′′|k2q2)(lλk2q2|aα)(lλg1γ1|L2Λ2) =
(−1)L′′′−L2−akˆ2Lˆ2(L′′′ − Λ′′′L2Λ2|aα)W (L′′′g1al; k2L2),
(B.30)
and ∑
αΛ2M˜d
(−1)α(JdM ′′d a− α|JdM˜d)(L2Λ2JdM˜d|J˜M˜)(L′′′ − Λ′′′L2Λ2|aα) =
aˆ ˆ˜J(L′′′ − Λ′′′J˜M˜ |JdM ′′d )W (L′′′L2JdJd; aJ˜).
(B.31)
The new Clebsch-Gordan coefficients, arising from the construction of the Racah coefficients,
can be reduced thusly
∑
Λ′′′M ′′d
(−1)Λ′′′(L′′′ − Λ′′′J˜M˜ |JdM ′′d )(L′′′Λ′′′JdM ′′d |J˜M˜) =
Jˆd
ˆ˜J
(−1)L′′′(−1)L′′′+Jd−JδJ˜ J˜δM˜M˜ .
(B.32)
There is now no angular momentum algebra on the left hand side of the equation and, using
that:
W (L′′L′JdJd; aJ) = (−1)a+J−L′′−JdW (L′aJJd;L′′Jd), (B.33)
the right hand side’s angular momentum components have become
RHS:
∑
alk2g1
gˆ1aˆ
2lˆkˆ2Jˆd(l0g10|L20)W (L′′′g1al; k2L2)W (L2aJJd;L′′′Jd). (B.34)
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B.4 Proton channel angular components and angular mo-
mentum
Beginning from the equation:
∑
JMLΛ
4piiL
RpKp
(LΛjpmp|JM)(T (L)Rp + Uc(Rp)− Ep)χ
J
L(Rp)Y
Λ
L(Rˆp) Y
L∗
Λ (Kˆp) =
−
∑
J ′M ′L′Λ′
∑
Pρ
4piiL
′
Kp
(L′Λ′jpmp|J ′M ′)
∫
dR′p
R′p
V(p)L (Rp, R′p)χJ
′
L′(R
′
p)
YΛL(Rˆ
′
p) Y
L∗
Λ (Kˆp)Y
ρ
P(Rˆp)Y
ρ∗
P (Rˆ
′
p).
(B.35)
The angular components which depend on Kˆp can be reduced by taking the product of both
sides with YL˜
Λ˜
(Kˆp) and integrating both sides with respect to Kˆp. For each side of the equation
this will result in:
LHS :
∫
dKˆYL
∗
Λ (Kˆp)Y
L˜
Λ˜
(Kˆp) = δLL˜δΛΛ˜,
RHS :
∫
dRˆYL
∗
Λ (Kˆp)Y
L˜
Λ˜
(Kˆp) = δL′L˜δΛ′Λ˜.
(B.36)
This result will have two effects: 1) The factor 4pii
L˜
Kp
now common to both sides can be canceled.
2) That the Clebsch-Gordan coefficients now couple jpmp and L˜Λ˜ to JM on the left hand side
and J ′M ′ on the right hand side. This implies that J = J ′ and M = M ′. After these results
have been applied the equation for the proton channel distorted waves has now become:
∑
JM
(L˜Λ˜jpmp|JM)(T (L)Rp + Uc(Rp)− Ep)
χJL˜(Rp)
Rp
YΛ˜
L˜
(Rˆp) =
−
∑
JMPρ
(L˜Λ˜jpmp|JM)
∫
dR′p
R′p
V(p)
L˜
(Rp, R
′
p)χ
J
L˜(R
′
p)
YΛ˜
L˜
(Rˆ
′
p) Y
ρ
P(Rˆp)Y
ρ∗
P (Rˆ
′
p).
(B.37)
Now the angular components of the nonlocal coordinate R′p on the right hand side can integrated
over: ∫ ∞
0
dRˆ
′
pY
Λ˜
L˜
(Rˆ
′
p)Y
ρ∗
P (Rˆ
′
p) = δL˜PδΛ˜ρ. (B.38)
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After this the equation for the distorted waves can be written:
∑
JM
(L˜Λ˜jpmp|JM)(T (L)Rp + Uc(Rp)− Ep)
χJL˜(Rp)
Rp
YΛ˜
L˜
(Rˆp) =
−
∑
JM
(L˜Λ˜jpmp|JM)
∫
dR′pR
′
pV(p)L˜ (Rp, R′p)χ
J
L˜(R
′
p)Y
Λ˜
L˜
(Rˆp).
(B.39)
Now the final manipulations can be performed. Firstly the angular components of Rp can be
removed in much the same manner an the angular components of Kp were. Both sides can be
multiplied by YΛ˜
′∗
L˜′ (Rˆp) and then integrated with respect to Rˆp, giving (the result is the same
for both sides of the equation):
∫
dRˆpY
Λ˜′∗
L˜′ (Rˆp)Y
Λ˜
L˜
(Rˆp) = δL˜′L˜δΛ˜′Λ˜. (B.40)
Secondly the sums over JM and the Clebsch-Gordan coefficients can be consolidated by
times both sides by a coefficient which couples L˜′ and jp to some new angular momentum
J˜ : (L˜′Λ˜′jpmp|J˜M˜). Λ˜′ and mp can the be summed over on both sides:
∑
Λ˜′mp
(L˜′Λ˜′jpmp|J˜M˜)(L˜′Λ˜′jpmp|JM) = δJ˜JδM˜M (B.41)
So by defining L˜′ → L and J˜ → J the final expression is:
(T
(L)
Rp
+ Uc(Rp)− Ep)χJL(Rp) = −
∫
dR′pV(p)L (Rp, R′p)χJL(R′p). (B.42)
Appendix C
Multipole Expansions
C.1 Multipole expansion for l-independent function
When a function has no dependence on angular momentum the following definition is used for
the multipole expansion:
f(a− b) =4pi
∑
lλ
f˜l(a, b)Y
λ∗
l (aˆ)Y
λ
l (bˆ), (C.1)
where
f˜l(a, b) =
1
2
∫ 1
−1
f(|a− b|)Pl(cos θab)d(cos θab). (C.2)
C.2 Generalised Multipole expansion for l-dependent func-
tion
What follows is the derivation of an expression for a general multipole expansion for a function
with two vector arguments and angular momentum dependence. This was originally performed
by J.A. Tostevin as an extension of [119]. What is required is a multipole expansion of an
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expression with the form:
fLM(r) = fL(r)Y
M
L (rˆ), (C.3a)
r = a− b. (C.3b)
In general
fLM(a− b) =
√
4pi
∑
k1q1k2q2
f
(L)
k1k2
(a, b)(k1q1k2q2|LM)Yq1k1(aˆ)Yq2k2(bˆ). (C.4)
An expression for the multipole coefficient f
(L)
k1k2
(a, b) is required. In the case of a deuteron
wavefunction L represents the orbital angular momentum of the deuteron, as such it can only
take values of 0 or 2. This limit will be used throughout this derivation. To proceed, equation
C.3a can be rewritten, making use of a solid harmonic, rLYML , such that:
fLM(r) = F
(L)(r)rLYML (rˆ), (C.5a)
F (L)(r) =
fL(r)
rL
, (C.5b)
with r = a− b it follows that:
F (L)(r) =
∑
eε
F (L)e (a, b)
4pi
2e+ 1
Yε
∗
e (aˆ)Y
ε
e(bˆ),
= 4pi
∑
eε
(−1)εF
(L)
e (a, b)
2e+ 1
Y−εe (aˆ)Y
ε
e(bˆ),
(C.6)
and
rLYML (rˆ) =
√
4pi
∑
cγdδ
(−1)d
[
(2L+ 1)!
(2c+ 1)!(2d+ 1)!
] 1
2
acbd(dδcγ|LM)Yγc (aˆ)Yδd(bˆ). (C.7)
Here c + d = L, if L = 2 then (c, d) = (0, 2)(1, 1)(2, 0). So c, d are both even or both odd.
To move forward, the angular components and angular momentum factors need to be reduced.
C.2. Generalised Multipole expansion for l-dependent function 147
Starting with, the spherical harmonics can be combined thusly (as in equation B.3b):
Yγc (aˆ)Y
−ε
e (aˆ) =
∑
k1q1
[
(2c+ 1)(2e+ 1)
4pi(2k1 + 1)
] 1
2
(c0e0|k10)(cγe− ε|k1q1)Yq1k1(aˆ), (C.8a)
Yδd(bˆ)Y
ε
e(bˆ) =
∑
k2q2
[
(2d+ 1)(2e+ 1)
4pi(2k2 + 1)
] 1
2
(d0e0|k20)(dδeε|k2q2)Yq2k2(bˆ). (C.8b)
The Clebsch-Gordon coefficients with nonzero angular momentum projections can be summed
over to produce a Racah coefficient and a new Clebsch-Gordon coefficient (as in equation B.3a).
∑
γδε
(−1)ε(cγe− ε|k1q1)(dδeε|k2q2)(dδcγ|LM) =
[(2k1 + 1)(2k2 + 1)]
1
2 (−1)k1+k2+L+e(k1q1k2q2|LM)W (k1eLd; ck2).
(C.9)
As stated earlier L = 0, 2, this means that k1 +k2 = even due to the Clebsch-Gordon coefficient
in equation C.9. Therefore k1 + k2 + L = even so (−1)k1+k2+L = 1. Now collecting the results:
fL(r)Y
M
L (rˆ) =
√
4pi
∑
k1q1k2q2
{∑
ecd
[
(2L+ 1)!
(2c+ 1)!(2d+ 1)!
] 1
2
acbd
4pi(−1)e+d
(2e+ 1)
F (L)e (a, b)
×
[
(2c+ 1)(2d+ 1)(2e+ 1)(2e+ 1)
4pi(2k1 + 1)(2k2 + 1)
] 1
2
(c0e0|k10)(d0e0|k20)(2k1 + 1) 12
× (2k2 + 1) 12W (k1eLd; ck2)
}
(k1q1k2q2|LM)Yq1k1(aˆ)Yq2k2(bˆ),
(C.10)
which after canceling terms becomes:
fL(r)Y
M
L (rˆ) =
√
4pi
∑
k1q1k2q2
{∑
ecd
[
(2L+ 1)!
(2c)!(2d)!
] 1
2
acbdF (L)e (a, b)(−1)e+d
× (c0e0|k10)(d0e0|k20)W (k1eLd; ck2)
}
(k1q1k2q2|LM)
× Yq1k1(aˆ)Yq2k2(bˆ).
(C.11)
Due to the triangular relations from the Racah coefficient and the symmetries arising from
(k1q1k2q2|LM) in equation C.11, (−1)e+d can be replaced with (−1)k2 . From comparison with
148 C.2. Generalised Multipole expansion for l-dependent function
C.4 it can be seen that:
f
(L)
k1k2
(a, b) =
∑
ecd
[
(2L+ 1)!
(2c)!(2d)!
] 1
2
acbdF (L)e (a, b)(−1)k2
(c0e0|k10)(d0e0|k20)W (k1eLd; ck2),
(C.12)
with F
(L)
e (a, b) being the multipole coefficient of this expansion which, by rewriting equation
C.6 such that
F (L)(r) =
∑
e
F (L)e (a, b)Pe(cos θ), (C.13)
and rearranging F
(L)
e (a, b) can be shown to be:
F (L)e (a, b) =
2e+ 1
2
∫ 1
−1
F (L)(r)Pe(cos θ)d(cos θ). (C.14)
Where Pe is a Legendre polynomial of order e, θ is the angle between a and b and r =
√
a2 + b2 − 2ab cos θ. So by defining the multipole coefficient in this manner equation C.12
can be rewritten:
f
(L)
k1k2
(a, b) =
∑
ecd
2e+ 1
2
[
(2L+ 1)!
(2c)!(2d)!
] 1
2
acbdF (L)e (a, b)(−1)k2
(c0e0|k10)(d0e0|k20)W (k1eLd; ck2),
(C.15)
with now F (L)e (a, b) defined as
F (L)e (a, b) =
∫ 1
−1
F (L)(r)Pe(cos θ)d(cos θ). (C.16)
Appendix D
Inhomogeneous equation solver
This appendix details method used to solve the inhomogeneous differential equations of this
work. The code used to find the solutions is a modified version of a code originally written by
J.A Tostevin [120].
D.1 General procedure
The deuteron and proton channel distorted waves were expressed as solutions of inhomogeneous
differential equations in equations 4.50 and 5.23. These equations are solved as differential
problems with a source term. This is done by first adding an arbitrary potential, Vinit(R), to
both sides of the equation. Here Vinit(R) is defined as a Woods-Saxon type potential with real
and imaginary parts (see equation 1.16a) and a Coulomb term. This serves as an initial trial
solution for an iterative procedure. Equation 5.23 is repeated here as an example. (n.b. this
example includes the tensor coupling due to the a = 2 terms, central only calculations include
only diagonal terms where L = L′):
[
d2
dR2
−
(
L(L+ 1)
R2
+
2µ
~2
Vinit(R)−K2
)]
χJ(n+1)L′L (R) =
2µ
~2
[
R
∑
L′′
∫ ∞
0
dR′R′
{
VJL′(R,R′)δL′L′′︸ ︷︷ ︸
diagonal
+VJL′L′′(R,R′)︸ ︷︷ ︸
Off-diagonal
}
χJ(n)L′′L (R
′)
− Vinit(R)χJ(n)L′L (R)
]
.
(D.1)
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In general, equations of the type which need to be solved, for either the proton or deuteron
channels, can be written:
[
d2
dR2
−
(
L(L+ 1)
R2
+
2µ
~2
Vinit(R)−K2
)]
χJL′L(R) =
2µ
~2
UJL′L(R), (D.2)
here U is a nonlocal potential which acts as the source term (the right hand side of equation D.1
for example). The physical solutions, χJL′L(R), which are sort are those with the asymptotic
form:
χJL′L(R) =
i
2
[
H−L′δL′L − SJL′LH+L′
]
,
= H˜−L′δL′L − SJL′LH˜+L′ ,
(D.3)
SJL′L is the S-matrix and H˜
±
L′ is constructed from the regular, FL′ , and irregular, GL′ , Coulomb
functions
H˜±L′(KR) =
i
2
(GL′(KR)± iFL′(KR)). (D.4)
The following procedure is repeated for all partial waves. Firstly the arbitrary potential,
Vinit(R), is used to generate a trial homogeneous solution to equation D.2. The trial solu-
tion is found by solving:
[
d2
dR2
−
(
L(L+ 1)
R2
+
2µ
~2
Vinit(R)−K2
)]
χJ(hom)L′L (R) = 0. (D.5)
In accordance to the boundary conditions of equation D.3, the homogeneous solution, χJ(hom)L′L (R),
is defined such that it behaves asymptotically as:
χJ(hom)L′L (R)→
[
H˜−L′δL′L − SJ(hom)L′ H˜+L′
]
δLL′ . (D.6)
χJ(hom)L′L (R) is found via a Runge-Kutta routine [121, 122], which integrates out from the origin,
in steps, typically of 0.1 fm, to the maximum value of R required for the calculation. This work
begins the Runge-Kutta procedure one step away from the origin and assumes that the distorted
waves behave as RL
′+1 as R→ 0. This solution is then used to generate the source term for the
first iteration, which is used to generate the inhomogeneous solution for the distorted waves.
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This is a particular solution to equation 5.23 and is found by solving:
{
d2
dR2
−
[
L(L+ 1)
R2
+
2µ
~2
Vinit(R)−K2
]}
χJ(ihom)L′L (R) =
2µ
~2
UJ(n=1)L′L (R), (D.7)
here n is the iteration number. χJ(ihom)L′L is a numerical solution to equation D.7 which is
constructed from the physical (general) solution χJ(n+1)L′L (R), and some contribution from the
homogeneous solution, χJ(hom)L′L (R).
χJ(ihom)L′L (R) = χ
J(n+1)
L′L (R) + αχ
J(hom)
L′L (R). (D.8)
In order to find the physical solution, from the inhomogeneous solution, a value for the coeffi-
cient α needs to be discerned. The inhomogeneous solution can be written as a linear sum of
incoming and outgoing waves:
χJ(ihom)L′L (R) = AH˜
−
L′ +BH˜
+
L′ . (D.9)
By taking two matching radii (R1, R2), outside of the range of the projectile-target interaction,
a matrix equation can be derived which will give a form for A. A is the coefficient for the
amplitude of the incoming waves. The matrix equation which is required to be solved is:
 χJ(ihom)L′L (R1)
χJ(ihom)L′L (R2)
 =
 H˜−L′(R1) H˜+L′(R1)
H˜−L′(R2) H˜
+
L′(R2)

 A
B
 , (D.10)
and by Cramer’s rule [123]
A =
χJ(ihom)L′L (R1)H
+
L′(KR2)− χJ(ihom)L′L (R2)H+L′(KR1)
H−L′(KR1)H
+
L′(KR1)−H−L′(KR2)H+L′(KR1)
= CJL′L. (D.11)
It can be seen from the boundary conditions in equation D.3 that the physical solutions only
contain outgoing waves when L′ = L and with a unitary coefficient. From this and the result
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in equation D.11, equation D.8 can be rearranged to find the physical solution to equation D.2:
χJ(n+1)L′L (R) = χ
J(ihom)
L′L (R)− CJL′Lχ
J(hom)
L′L (R) + δL′Lχ
J(hom)
L′L (R). (D.12)
The n + 1 solution will then be used in place of the homogeneous solution in generating the
source term, UJL′L(R), and the same steps are then followed to find the n + 2 solution. This
process is repeated until the distorted waves and S-matrices have converged, unchanging to at
least 6 decimal places.
D.2 Comparison to known solutions
To check that the solver was functioning correctly its results needed to be compared to some
which are excepted to be correct. As there are no nonlocal results in which tensor coupling is
included to compare, and as simpler example, local potentials will be used. The results of the
solver will be compared to those produced by the deuteron scattering code ddtp [124]. This
is a legacy, but well tested, code which is capable of computing spin-1 tensor couplings. For
this test the potentials used were parameterized Wood-Saxon potentials. The form seen in
equation 1.16b was used for the real central and tensor components and equation 1.16c for the
imaginary parts. The tensor force was taken to have the form of a TR force (see equation 5.25a).
The parameters used can be seen in table D.1. The calculations were performed for a 10 MeV
term Depth radius diffuseness
Real central 80.00 1.25 0.65
Imaginary central 30.00 1.25 0.65
Real tensor 10.00 1.55 0.70
Imaginary tensor 10.00 1.55 0.70
Table D.1: Table of optical parameters used in testing the solver with local potentials.
deuteron incident on 40Ca for partial waves up to J = 15. The solver was run for 30 iterations
in this test. From these wavefunctions, of from seen in equation 5.24, S-matrices were found,
these are defined as
SJL′L = 2iT
J
L′L + δL′L. (D.13)
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The central S-matrices from the calculations, using ddtp and this works solver, are shown in
figure D.1. The two codes produce the same central S-matrix elements across all partial waves.
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Figure D.1: Real and imaginary central S-matrix elements calculated using the works solver
and the scattering code ddtp. Legend 1 refers to the left hand panels and legend 2 to the right
hand panels. The absolute difference between the two codes is shown in the panels on the right
hand side. As can be seen the two codes agree very well with most differences as small as 10−5.
The absolute difference between the two codes for many high partial waves are zero (to the
accuracy outputted by the codes) and so cannot be seen on the log scale.
The absolute difference between them (panels on the right hand side of figure D.1) is ≈ 10−5 for
almost all partial waves. Some of the absolute differences for the real components of the higher
J partial waves are exactly zero (to the accuracy outputted by the codes) and as such are not
plotted on the log scale shown. The off diagonal elements of the S-matrix are plotted in figure
D.2. The tensor matrix elements are symmetric between the two off diagonal couplings. The
absolute difference between the solver and ddtp is almost always less than 10−5. This result
combined with those shown in figure D.1 show that the solver used in this work is operating
correctly and producing the expected results.
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Figure D.2: Real and imaginary tensor S-matrix elements calculated using this works solver
and the scattering code ddtp. The absolute difference between the two codes is shown in the
panels on the right hand side, this is mostly less than 10−5. The left panels demonstrate that
the off diagonal s-matrix elements are symmetric.
Appendix E
The Local Limit
The nonlocal potential should reduce to the local optical model potential within the limit that
the nonlocality range, βN , goes to zero and R
′ → R. In this scenario, the Gaussian, H(2S),
will become a delta function. This reduction has been performed at different points in the
derivation of the nonlocal framework, to ensure the results still adhere to the local limit.
E.1 From the nonlocal potential, ULOdA (R, S)
With a = 0 (and including the definition given in equation 5.6) equation 5.5 becomes:
ULOdA (R, S) = 8U˜0(R)H(2S)
∑
ld
∫ ∞
0
d(2x) (2x) υ˜
(ld)
ld0
(2x, 2S) uld(2x), (E.1)
when βN → 0
8H(2S)→ 8δ(2S) = 8δ(S)
8
= δ(R−R′), (E.2)
which can be expanded such that [106]:
δ (R−R′) = δ(R−R
′)
4piR2
∑
n
(2n+ 1)Pn(µ), (E.3)
where µ is the cosine of the angle between R and R′. Now equation E.1 has become:
ULOdA (R, S) = U˜0(R)
δ(R−R′)
4piR2
∑
nld
(2n+ 1)Pn(µ)
∫ ∞
0
d(2x) (2x) υ˜
(ld)
ld0
(2x, 2S) uld(2x). (E.4)
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When integrated over S both the delta function and the integral over 2x will become unity,
meaning within the local limit:
ULOdA (R) = U˜0(R). (E.5)
This is the expected result, the nonlocal potential has reduced to a local potential.
E.2 From the central nonlocal kernel function VL(R,R′)
The central nonlocal kernel function VL(R,R′) has the form (as in equation 5.15):
VL(R,R′) = 2piU˜0(R)
∫ 1
−1
ν0 (|R−R′|)PL(µ) dµ. (E.6)
Here
ν0 (|R−R′|) = 8H (2 |R−R′|)
∑
ld
∫ ∞
0
d(2x) (2x) υ˜
(ld)
ld0
(2x, 2 (|R−R′|)) uld(2x). (E.7)
The Gaussian, H, will be reduced and expanded as in equations E.2 and E.3. This will give:
VL(R,R′) =2piU˜0(R)δ(R−R
′)
4piR2
∑
nld
(2n+ 1)
×
∫ 1
−1
[∫ ∞
0
d(2x) (2x) υ˜
(ld)
ld0
(2x, 2 (|R−R′|)) uld(2x)
]
Pn(µ)PL(µ)dµ,
(E.8)
making use of the identity
∫ 1
−1
Pn(µ)PL(µ) dµ =
2
2L+ 1
δLn, (E.9)
and integrating over R′ the final expression will become
VL(R) = U˜0(R)δL0. (E.10)
Once again within local limit the potential term has reduced to a local potential.
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E.3 Limit of the effective local potentials
In the local limit, the effective local potentials, as defined in equation 5.22, should reduce to a
local deuteron-target potential, calculated from the same nonlocal nucleon-target parameters.
To show this a number of calculations using the Hulthe´n pure s-state wavefunction [90] and the
GR76 nonlocal nucleon-target optical parameter set [40] have been perfomed. The parameters
are defined in table 4.1. These refer to the values used in equations 4.14 and 4.15. The effective
local potentials have been found for βN = 0.8, 0.6, 0.4 fm. As can be seen in figure E.1, the
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Figure E.1: Effective local potentials calculations for 40Ca+d at 11.8 MeV with differing values
for the nucleon nonlocality range βN . As βN approaches zero the potentials approach the local
limit.
effective local potentials reduce towards the local limit as βN decreases. This is in agreement
with the results of sections E.1 and E.2 of this appendix. From this it can be interpreted that
if βN → 0, the effective local potentials would equal those of the local limit. Calculations for
smaller βN cannot be performed numerically, as the near delta function like behavior of the
Gaussian H (see equation 1.18b), for small βN , leads to numerical instabilities.
Appendix F
Details of TWOFNR formalism
What follows is an extract from the documentation of the version of the reaction code TWOFNR
[105] used in this work. This details the formalism used by the code to calculate the differen-
tial cross section, for a given reaction, from provided distorted wavefunctions. This includes
wavefunctions which contain spin-1 tensor coupling. This was written by J .A. Tostevin who
also made the modifications to the code required for this work.
Description of TWOFNR (Surrey) amplitudes - with tensor
coupling
This note is adapted from part of the original TWOFNR/TWOSTP documentation. The com-
puter program calculates the transfer reaction differential cross section (and spin observables)
in the distorted waves Born approximation (DWBA). The incoming and outgoing channels are
combinations of spin-0, spin-1/2 or spin-1 particles. The calculations are performed with a
zero-range-like form factor with, or without, a local energy approximation (LEA) finite-range
correction.
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Units
Length : fermi (10−13 cm)
Mass : proton mass unit
Energy : MeV
Cross section : mb/sr
Angle : degree (in the cm coordinate system)
Notations
final initial Channel
af , Af ai, Ai Mass of projectile, target
4rf = [Ai/Af ]4ri 4ri Integration step size
jf l
′
f lf sf ji l
′
i li si Angular momenta of partial wave
σ′f σf σ
′
i σi z-component of projectile spin
If Ii Spin of target
Mf Mi z-component of target spin
←− [ l, s ] jm −→ Transferred angular momenta
DWBA transition amplitudes
The differential cross section is defined in terms of the transition amplitude Tfi,
dσ
dΩ
=
µiµf
(2pi~2)2
kf
ki
1
(2Ii + 1)(2si + 1)
∑
Mfσf ,Miσi
|Tfi|2
where
Tfi = 〈kf ; IfMf , sfσf |Vfi|ki; IiMi, siσi 〉
= J
∑
σ′iσ
′
f
∫
dri
∫
drf χ
(−)∗
σ′fσf
(kf , rf ) 〈IfMf , sfσ′f |Vfi|IiMi, siσ′i〉χ(+)σ′iσi(ki, ri)
=
∑
lsjm
√
2j + 1 (IiMijm|IfMf )AIf Iilsj βmσfσilsj (kf ,ki)
The χ
(+)
i and χ
(−)
f are the distorted waves, ri and rf are the reaction channel coordinates for
the initial and final channels and J is the Jacobian of the coordinate transformation of the
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form factor from the natural coordinates to the reaction channel coordinates. In the presence
of central and spin-orbit interactions the distorted waves are written in terms of the partial
wave expansion
χ
(+)
σ′σ(k, r) =
4pi
kr
∑
JMLΛΛ′
iL(LΛsσ|JM)(LΛ′sσ′|JM)χJL(kr)Y Λ∗L (kˆ)Y Λ
′
L (rˆ)
The partial waves are solutions of the Schro¨dinger equation
[
d2
dr2
− L(L+ 1)
r2
− 2µ
~2
(
UC + U + U¯
J
L
)
+ k2
]
χJL(kr) = 0
with χJL(0) = 0. For r beyond the range of the nuclear potentials,
χJL(kr) = exp(iσL)
i
2
[
H
(−)
L (kr)− SJLH(+)L (kr)
]
,
where H
(+)
L = GL + iFL is the outgoing-wave Coulomb function, and S
J
L is the reflection
coefficient (partial wave S-matrix) for the (L, J) wave. The SJL are obtained by matching the
function and its derivative to the solution of the Schro¨dinger equation. UC is the Coulomb
potential, U the central optical potential, and U¯JL the spin-orbit potential acting in the (L, J)
partial wave. The reciprocity relation satisfied by the distorted waves is
χ
(−)∗
σ′σ (k, r) = (−)σ−σ
′
χ
(+)
−σ′−σ(−k, r)
The remaining factors in the transition amplitudes are the matrix elements of the interaction
causing the reaction, taken between the internal states Φ and φ of the colliding nuclei in the
incident and final states of the reaction processes
〈
IfMf , sfσ
′
f |Vfi|IiMi, siσ′i
〉
=
∫ [
Φ
Mf
If
φ
σ′f
sf
]∗
Vfi
[
ΦMiIi φ
σ′i
si
]
dξ
Here ξ represents all the coordinates independent of ri and rf . This factor contains all the
information on nuclear structure, angular momentum selection rules and even the type of
reaction being considered (whether stripping, knock-on or inelastic scattering etc.). This matrix
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element can be expanded into terms which correspond to the transfer to the nucleus of a definite
angular momenta l, s and j with l + s = j.
J 〈IfMf , sfσ′f |Vfi|IiMi, siσ′i〉
=
∑
lλ sσ jm
i−l(−)sf−σ′f (IiMijm|IfMf )(siσ′isf − σ′f |sσ)(lλsσ|jm)AIf Iilsj fλlsj(rf , ri)
where A
If Ii
lsj is the spectroscopic amplitude of the transition. The zero-range approximation
(with optional LEA finite-range corrections) is introduced for simplicity of numerical calcula-
tions. The form factor is then written
f λlsj(rf , ri) ≈
[
Flsj(ri)Y
λ∗
l (rˆi)
]× [Dfi0 δ(rf − [Ai/Af ]ri)]
After angular momentum algebra, the zero-range approximation one-step transition amplitudes
may be written as follows, where the z-axis is chosen along the incident beam direction ki and
the y-axis is normal to the reaction plane – along ki × kf .
β
mσfσi
lsj (θ) =
∑
lijimf
lf jf
ili−lf−l
√
(lf − λf )!
(lf + λf )!
P
λf
lf
(θ)
× (2lf + 1)
√
4pi(2jf + 1)(2s+ 1)(2l + 1)(2li + 1)

lf sf jf
l s j
li si ji

× (lf0l0|li0) (li0siσi|jiσi) (lf − λfsfσf |jfmf ) (jfmfjm|jiσi)
× Dfi0
∫
χ
jf
lf
(kf , [Ai/Af ]r)Flsj(r)χ
ji
li
(ki, r) dr
So, λf is fixed by the asymptotic spin projection labels with λf = m+ σf − σi.
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Including tensor-like distortions
If we allow tensor spin couplings in a spin-1 (e.g. deuteron) channel distoting potential, then
the generalized partial wave expansion becomes:
χ
(+)
σ′σ(k, r) =
4pi
kr
∑
JMLL′ΛΛ′
iL(LΛsσ|JM)(L′Λ′sσ′|JM)χJL′L(kr)Y Λ∗L (kˆ)Y Λ
′
L′ (rˆ)
where the partial waves are solutions of the coupled radial Schro¨dinger equations
[
d2
dr2
− L
′(L′ + 1)
r2
− 2µ
~2
(
UC + U + U¯
J
L′
)
+ k2
]
χJL′L(kr) =
2µ
~2
∑
L′′
UJL′L′′χJL′′L(kr) .
Potential U represents the additional tensor coupling, written here as if a local interaction, and
for which [U , Lˆ2] 6= 0. Beyond the range of the nuclear potentials, the radial waves now take
the form
χJL′L(kr) = exp(iσL)
i
2
[
H
(−)
L (kr) δL′L − SJL′LH(+)L′ (kr)
]
.
Note: In the computer code, partial waves with a tensor coupling can be read in but such wave
functions are not calculated internally to the code at present. The radial wave functions that
are read should not include the exp(iσL) Coulomb phase factor that is applied to the read wave
functions within the code. For each J , the radial wave functions are stored according to the
index i, with:
i = 1 : χJJ−1J−1, i = 2 : χ
J
J+1J−1, i = 3 : χ
J
JJ , i = 4 : χ
J
J−1J+1, i = 5 : χ
J
J+1J+1
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Tensor terms in the entrance channel
If the tensor coupling is in the entrance (i) channel, then the amplitudes become, using equation
(5.24) of JAT thesis. Note the additional sum over l′i.
β
mσfσi
lsj (θ) =
∑
lijimf
lf jf
ili−lf−l
√
(lf − λf )!
(lf + λf )!
P
λf
lf
(θ)
× (2lf + 1)
∑
l′i
√
4pi(2jf + 1)(2s+ 1)(2l + 1)(2li + 1)

lf sf jf
l s j
l′i si ji

× (lf0l0|l′i0) (li0siσi|jiσi) (lf − λfsfσf |jfmf ) (jfmfjm|jiσi)
× Dfi0
∫
χ
jf
lf
(kf , [Ai/Af ]r)Flsj(r)χ
ji
l′ili
(ki, r) dr
Tensor terms in the exit channel
If, on the other hand, the tensor coupling is in the outgoing (f) channel, then the amplitudes
become, using again equation (5.24) of JAT thesis:
β
mσfσi
lsj (θ) =
∑
lijimf
lf jf
ili−lf−l
√
(lf − λf )!
(lf + λf )!
P
λf
lf
(θ)
×
∑
l′f
√
4pi(2lf + 1)(2jf + 1)(2s+ 1)(2l + 1)(2li + 1)

l′f sf jf
l s j
li si ji

×
√
(2l′f + 1)(l
′
f0l0|li0) (li0siσi|jiσi) (lf − λfsfσf |jfmf ) (jfmfjm|jiσi)
× Dfi0
∫
χ
jf
l′f lf
(kf , [Ai/Af ]r)Flsj(r)χ
ji
li
(ki, r) dr
These options are coded into version twofnr18.
J.A. Tostevin, 19 August 2015
Appendix G
Publications
The preceding pages contain a copy of a paper based on the work presented in this thesis,
accepted for publication in Physical Review Letters.
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Sensitivity of (d,p) reactions to high n-p momenta and the consequences for nuclear
spectroscopy studies
G.W. Bailey, N.K. Timofeyuk, and J.A. Tostevin
Department of Physics, Faculty of Engineering and Physical Sciences,
University of Surrey Guildford, Surrey GU2 7XH, United Kingdom
(Dated: August 30, 2016)
Theoretical models of low-energy (d,p) single-neutron transfer reactions are a crucial link between
experimentation, nuclear structure and nuclear astrophysical studies. Whereas reaction models
that use local optical potentials are insensitive to short-range physics in the deuteron, we show
that including the inherent nonlocality of the nucleon-target interactions and realistic deuteron
wave functions generates signiﬁcant sensitivity to high n-p relative momenta and to the underlying
nucleon-nucleon interaction. We quantify this eﬀect upon the deuteron channel distorting potentials
within the framework of the adiabatic deuteron breakup model. The implications for calculated (d,p)
cross sections and spectroscopic information deduced from experiments are discussed.
PACS numbers: 25.45.Hi, 27.30.+t
A universal feature of models of the nucleon-nucleon
(NN) interaction is a strong repulsion at small NN sep-
arations. In atomic nuclei, this induces correlations
between nucleon pairs at high relative momenta [1],
contributes to a reduction in the occupancies of nu-
clear single-particle states near the Fermi surfaces, and
severely complicates practical computations of nuclear
properties and observables. Modern theoretical nuclear
physics methodologies attempt to transform this original,
strongly-correlated many-body problem into one where
the diﬃculties due to short-range repulsion are much re-
duced. A number of such approaches, that suppress ex-
plicit high-momentum components, have been proposed
[2, 3] and applied [4] to model NN interactions – such as
derived from QCD-inspired chiral eﬀective ﬁeld theories
(EFTs) [5, 6].
Transforming away explicit high-momentum compo-
nents through a softening of the NN interaction is of-
ten justiﬁed by assertions that low-energy observables are
insensitive to these components [7, 8]. In this Letter we
show that a very important class of nuclear reactions used
for spectroscopic studies of nuclei, namely low-energy
A(d,p)B reactions, can exhibit signiﬁcant dependence on
high n-p relative momenta. Speciﬁcally, this sensitivity
is enhanced when including both the D-state component
of the deuteron wave function, ϕ0, (the NN tensor force)
and the inherent nonlocality of nucleon-nucleus optical
potentials [9] in describing the deuteron-target (d-A) sys-
tem in a model that accounts for deuteron breakup. This
sensitivity challenges both the quantitative results and
interpretation of spectroscopic studies of data from con-
ventional, local A(d,p)B reaction model analyses.
A strong indication of a possible high n-p momentum
sensitivity of the A(d,p)B reaction was seen in a recent
study [10, 11] that investigated the adiabatic model d-
A potential, UdA [12], when including nonlocal nucleon-
target (N-A) optical potentials. There, for N = Z nuclei
(and in leading order) it was shown that, if constructing
UdA from local phenomenological n-A and p-A potentials,
these potentials should be evaluated at an energy shifted
by ∆E from that which is usually assumed, namely half
the incident deuteron energy Ed. This energy shift was
shown to be related to the following measure of the n-p
relative kinetic energy, Tnp, within the range of the n-p
interaction Vnp
⟨Tnp⟩V = ⟨ϕ0|VnpTnp|ϕ0⟩/⟨ϕ0|Vnp|ϕ0⟩ ≡ ⟨ϕ1|Tnp|ϕ0⟩,
where we have deﬁned |ϕ1⟩ = Vnp|ϕ0⟩/⟨ϕ0|Vnp|ϕ0⟩. De-
termined by the properties of the 3S1 − 3D1 NN channel
at small n-p separations, and hence of D(k) = ⟨k|Vnp|ϕ0⟩
at high n-p relative momenta, see Fig. 1, the integrand
of ⟨Tnp⟩V is NN-model dependent. This NN model-
dependence, driven principally by high n-p relative mo-
menta, will aﬀect A(d,p)B reaction observables.
The earlier ∆E value of Ref. [11] was obtained as-
suming the purely attractive, phenomenological central
Hulthe´n NN interaction and S-state wave function [13],
whereas realistic deuteron wave functions have a mod-
est D-state component with probability PD ≈ 4 − 7%.
Importantly however, for realistic model wave functions
the matrix elements ⟨ϕ0|Vnp|ϕ0⟩ entering ⟨Tnp⟩V have
D-state fractions PD ≈ 40% (see Table I). The NN-
model dependence and high n-p momentum components
of Vnpϕ0 in Fig. 1 have implications for calculations of
UdA.
In this Letter we show that these high n-p momen-
tum eﬀects on UdA are considerably greater than is sug-
gested by the modest PD values of realistic wave func-
tions. We present exact calculations of the nonlocal adi-
abatic potential UdA from nonlocal nucleon-target optical
potentials and realistic (S+D-state) deuteron wave func-
tions. We quantify these eﬀects of high n-p momenta on
the local-equivalent potential to UdA, and on calculated
A(d,p)B cross-sections, and assess their potential impact
on spectroscopic information deduced from transfer reac-
tion data.
20 2 4 6 8 10 12 14
k (fm-1)
-40
-30
-20
-10
0
10
20
D
(k)
  (M
eV
 fm
3/
2 )
χEFT
AV18
CD-Bonn
Reid
Hulthen
0 2 4 6 8 10
-20
-10
0
D-state
S-state
FIG. 1. Momentum space behaviors of the S- and D-state
components of D(k) = ⟨k|Vnp|ϕ0⟩ for the NN potential mod-
els of Table I. The band for χEFT corresponds to the range
of regulators in Table I.
We discuss the A(d,p)B reaction in the context of the
three-body reduction of the many-body transition am-
plitude [14–16], which retains deuteron breakup eﬀects,
i.e.
T(d,p) =
√
C2S⟨χ(−)p ϕn|Vnp |Ψ(+)d ⟩. (1)
Here Ψ
(+)
d (R, r) is the (three-body) wave function of the
A+n+p system with an incident deuteron boundary con-
dition, r andR are the n-p and d-A separations, and χ
(−)
p
and ϕn are the distorted and bound wave functions of the
proton and neutron in the ﬁnal state. C2S is the spec-
troscopic factor. It has been shown [12, 17] that T(d,p)
converges very rapidly if Ψd is expanded in the Weinberg
states basis of the n-p system, and that T(d,p) is well-
described by retaining only the leading term. In this
limit, the so-called adiabatic distorted waves approxima-
tion (ADWA), Ψd(R, r) → χdA(R)ϕ0(r), and the d-A
distorting interaction UdA that generates the χdA is cal-
culated from the n-A and p-A optical potentials using
UdA = ⟨ϕ1|(UnA + UpA)|ϕ0⟩. (2)
Thus, Vnp enters T(d,p) both: (i) explicitly, as the transi-
tion interaction in Eq. (1), and (ii) implicitly, within the
adiabatic deuteron distorting potential UdA, that gener-
ates the distorted waves χdA.
We consider the following NN model descriptions: (i)
the S-state Hulthe´n interaction [13], (ii) the phenomeno-
logical S+D-state Reid soft-core (RSC) [18] and Argonne
v18 (AV18) [19] models, (iii) the meson-exchange CD-
Bonn model [20], and (iv) very recent (N4LO) χEFT de-
scriptions, for ﬁve diﬀerent regulators [6]. In low-energy
(and low momentum transfer) reactions, T(d,p) is insen-
sitive to the use of diﬀerent model Vnp in the transi-
tion interaction. The S-state part of the transfer ver-
tex D(r) = ⟨r|Vnp|ϕ0⟩ enters via its volume integral,
the zero-range normalization constant, D0, and its ﬁnite-
range parameter κ [21]. The near-equality of these D0 for
the NN descriptions (i)–(iv) above is shown in Table I.
Similarly, all range parameters κ agree to within 4%. The
D-state component of D(r), quadratic in the n-p momen-
tum for small momenta [22], has a minimal eﬀect on low
energy (d,p) cross sections [23, 24] and is not included.
Our focus here is the sensitivity of UdA to the underlying
NN model description, which then enters T(d,p) through
the χdA
NN Model PD PD D0 κ ⟨ Tnp⟩V ∆E
% % MeV fm
3
2 fm−1 MeV MeV
Hulthe´n 0 0 −126.15 1.38 106.6 31.2
Reid soft core 6.46 39.7 −125.19 1.34 245.8 74.6
Argonne V18 5.76 39.4 −126.11 1.32 218.0 66.2
CD-Bonn 4.85 32.6 −126.22 1.33 112.5 43.9
χEFT: 0.8 fm 4.29 17.4 −126.17 1.34 247.2 71.6
χEFT: 0.9 fm 4.29 19.7 −126.22 1.35 190.1 64.0
χEFT: 1.0 fm 4.29 22.2 −126.32 1.36 154.6 57.0
χEFT: 1.1 fm 4.29 26.1 −126.39 1.37 122.6 50.4
χEFT: 1.2 fm 4.29 29.6 −126.50 1.38 88.2 44.2
TABLE I. D-state percentages PD and PD of ⟨ϕ0|ϕ0⟩ and
⟨ϕ0|Vnp|ϕ0⟩, respectively, volume integrals D0 and ﬁnite-
range parameters κ of the transfer vertex D(r), and short-
ranged n-p kinetic energy ⟨ Tnp⟩V for the diﬀerent NN-model
interactions of the text. The χEFT wave functions use the
diﬀerent regulators shown. The energy shifts ∆E, calculated
for the d+26Al system at Ed = 12 MeV, are computed us-
ing the earlier lowest-order methodology of sections IV.A and
IV.B of [11].
In the following we will present results for UdA and
(d,p) cross sections in the case of the 26Al(d,p)27Al re-
action, recently studied in connection with the destruc-
tion of 26Al in Wolf-Rayet and asymptotic giant branch
stars [25, 26]. Our calculations of T(d,p) treat the transi-
tion interaction in zero-range approximation. The (d,p)
reaction calculations are carried out using the transfer
reactions code twofnr [27]. We use the systematics of
nonlocal nucleon potentials for N = Z targets proposed
by Giannini and Ricco (GR) [28] and a conventional pa-
rameter set, r0 = 1.25 fm, a0 = 0.65 fm, Vso = 6 MeV,
for the Woods-Saxon potentials that generate the neu-
tron bound-state wave functions.
For orientation, we ﬁrst consider the case when the
nucleon optical potentials UNA are assumed local. UdA
is then given by the Johnson-Tandy expression of Eq.
(2). As the function ϕ1 is of short range, taking its
zero-range limit yields the Johnson-Soper potential [29],
UJSdA(R) = UnA(R) + UpA(R), the sum of the nucleon
potentials evaluated at the deuteron centre-of-mass po-
sition. Thus, in this limit, UdA is independent of the
NN interaction. This sensitivity returns when computing
the full Johnson-Tandy expression but, for the realistic
3S+D-state deuteron wave function models, the depths of
the calculated real and imaginary parts of UdA at the
nuclear surface are found to diﬀer by less than 1.5%
and 3.7%, respectively, for diﬀerent realistic NN-model
choices. The (d,p) cross sections, σ(d,p), calculated using
the same zero-range parameter D0 to isolate the eﬀects of
changing the NN interaction within UdA, changed by less
than 0.6%. If we completely neglect deuteron breakup
eﬀects, by using the Watanabe model [30], then ϕ1 → ϕ0
in Eq. (2) and there is further reduction in the sensitiv-
ity to the NN model choice as UWatdA is now determined
predominantly by the long-ranged parts of ϕ0 common
to all models. The σ(d,p) sensitivity to the NN models in
this no-breakup limit is ≤ 0.4%.
Until very recently, all ADWA calculations have been
performed assuming the UNA are local. We now calcu-
late T(d,p) assuming: (a) nonlocality of the nucleon-target
potentials UNA, and (b) the diﬀerent NN model descrip-
tions, including S+D-state deuteron wave functions, in
constructing UdA. The adiabatic deuteron distorting po-
tential is now nonlocal, UdA(R,R
′). This is calculated
in the heavy target limit (A → ∞) of Eq. (12) of Ref.
[11], the explicit expression for Eq. (2) when the nucleon
potentials UnA and UpA are nonlocal. A new feature
of these calculations is that the deuteron D-state is in-
cluded. The deuteron distorted waves χdA now satisfy
the integro-diﬀerential equation
(TR + Uc(R)− Ed)χdA(R) =
−
∫
dR′ UdA(R,R′)χdA(R′) ≡ −S(R), (3)
where Uc(R) is the Coulomb interaction, assumed to act
on the deuteron centre-of-mass. We use the analogous
formula for the proton distorted waves χp. The nonlocal-
ity of the UNA is taken to be of Perey-Buck form [28, 31].
The spin-orbit contribution is neglected. We solve Eq.
(3) iteratively, after partial-wave expansion, and the nu-
merical deuteron and proton channel partial-wave radial
wave functions are read into the code twofnr [27]. Full
details of this formalism and procedure will be presented
elsewhere [32]. We note that, in the presence of the
deuteron D-state, UdA includes oﬀ-diagonal (second-rank
spin-tensor) terms. These are calculated but have negli-
gible eﬀect on the calculated (d,p) cross sections, so em-
phasis here is on the changes to the real and imaginary
central terms of UdA.
The real and imaginary central terms of the triv-
ially equivalent local potentials (TELP) to the non-
local UdA(R,R
′), deﬁned as Sl(R)/χdA,l(R), are pre-
sented in Fig. 2 for the diﬀerent NN-models of Table
I. These TELPs are the same in each partial wave but
their depths show a signiﬁcant NN-model-dependence.
The essential features of these TELP to UdA from the
all-order numerical calculations can be compared with
the previously-reported local-equivalent description [11].
That approach, using a Taylor series expansion of the
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FIG. 2. Trivially-equivalent local deuteron-target potentials
for the d+26Al system at 12 MeV computed using the diﬀerent
NN-models of Table I. The band for χEFT corresponds to the
range of regulators shown in Table I.
Perey-Buck nonlocal formfactor, can, in principle, be
treated to arbitrary order. In leading order, the eﬀects of
the high n-p momenta enter as a shift ∆E, to be added to
Ed/2, for the energy at which the n-A and p-A potentials
should be evaluated in constructing UdA. The ⟨Tnp⟩V val-
ues and the calculated ∆E values for the d+26Al system
at Ed = 12 MeV (as in Ref. [26]) from our diﬀerent NN
models are shown in Table I. ⟨Tnp⟩V is maximal for the
AV18 and RSC phenomenological potentials, being twice
as large as for the CD-Bonn model. The values for the
diﬀerent χEFT models diﬀer by almost a factor of three,
and increase with decreasing value of the regulator ra-
dius. The values approach those of the phenomenological
models for the smaller regulator radii. The correspond-
ing energy shifts ∆E are ∼ 70 MeV for the phenomeno-
logical NN models, compared to a shift of 31 MeV for
the S-state only model. The result, when using realistic
deuteron wave functions, is an increase in the energy shift
∆E by of order 10–40 MeV. For the energy dependence of
the depth of the real GR optical potential this translates
into a reduction in the real depth of the deuteron cen-
tral potential of ≈ 2–18 MeV, consistent with the TELP
changes in the full calculations, in Fig. 2.
The high n-p momentum sensitivity in the TELPs is
reﬂected in the calculated cross sections for 26Al(d,p)27Al
at Ed = 12 MeV, shown in Fig. 3, and depends on the
transferred orbital momentum ℓ and neutron separation
energy to each 27Al ﬁnal state. The eﬀects for the ℓ = 0, 1
transfers are found to be of order 5–10% in the angular
region of the reported experimental data. For the ℓ = 2
transfer component to the Jpi = 9/2+ state at Ex =
7.806 MeV - the analog of the astrophysically-important
state in 27Si - the eﬀects on the cross section are 20–
50%, exceeding the current experimental uncertainties,
with implications for the deduced ℓ = 0, 2 admixture and
spectroscopic factors for this state. A fully quantitative
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FIG. 3. Calculated diﬀerential cross sections for the 26Al(d,p)
reaction at Ed = 12 MeV for the four
27Al ﬁnal states indi-
cated and the diﬀerent NN interaction models of Table I. The
grey shaded areas cover the angular range of the experimental
data reported in [26]. All calculations use unit spectroscopic
factors, C2S = 1. The diﬀerent lines correspond to the same
NN-models as in Figs. 1 and 2.
analysis of these eﬀects on the deduced admixture and
comparison with the results of Ref. [26] will be presented
in [32]. An even stronger dependence, of 20–200%, is
observed for the ℓ = 2 transition to the 27Al ground state.
Here the interpretation of experimental data would diﬀer
drastically from that using a conventional local potential
analysis.
In summary, calculations of low-energy (d,p) reactions
are presented that include both realistic deuteron wave
functions and nonlocality of the nucleon-target optical
potentials. We have demonstrated that calculations are
sensitive to the NN-model used, through their diﬀer-
ent high n-p momentum content. This sensitivity only
emerges when nonlocal optical nucleon potentials are
used to construct the adiabatic deuteron channel poten-
tial, that accounts for deuteron breakup eﬀects. The
high n-p momenta in realistic S+D-state deuteron wave
functions drive signiﬁcant reductions to the depths of the
deuteron-channel potential and, in some cases, increases
in the calculated (d,p) cross sections. Here a Perey-Buck
form was assumed for the nucleon nonlocality, but sim-
ilar eﬀects are anticipated if using nonlocal nucleon po-
tentials derived from microscopic dynamical calculations.
The results presented imply a signiﬁcant uncertainty in
conventional local (d,p) reactions analyses. Given the
observed high momentum sensitivity, it would also be of
interest to revisit the convergence properties of the Wein-
berg states expansion of the (d,p) transition amplitude
in the presence of nucleon nonlocality.
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